Mohammad Farshi
Department of Computer Science

Yazd University

1395-1

«40>» «F»r « =)»

« =)

DA




A Programming Language

@ Computability theory is based on a specific

programming language L.
Assumptions and Definitions:

@ numbers: positive integers.

@ X;s: input variables

@ Y: output variable

@ Z;s: local variables

@ The subscript 1 is often omitted (i.e. X is X7).

@ The output variable Y and the local variables Z;
initially have the value 0.

@ A "program" of £ will then consist of a list (i.e., a finite
sequence) of instructions.

@ Each line of a program can have a "label", which
comes at the begining of instruction and within [ ].
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instruction intrepretation
VV+1 increment
V«V-1 decrement

If V# 0 GOTO L | conditional branch
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instruction intrepretation
V«—V+1 increment
VeV-1 decrement

If V # 0 GOTO L | conditional branch
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instruction intrepretation
V«—V+1 increment
VeV-1 decrement

If V # 0 GOTO L | conditional branch

[A] X+ X -1
Y «Y +1 Programs
IF X 0 GOTO 4 Sy
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Some Examples of Programs

A Programming Language @

List of instructions of £:

instruction intrepretation vazd Univ.
VV+41 increment
VeV-1 decrement P
Y C b
If V£ 0 GOTO L | conditional branch Sl
M. Farshi
EXampIe. A Programming
Language
[A] X — X - 1 Some Examples of
Y «— Y _|_ 1 Programs
IF X 0 GOTO 4 e
Computable
Functions
Output of the Program: o oot

@ If X # 0, the output is z (i.e. Y has the value of X).
o If X =0, the outputis 1 (i.e. Y has the value of 1).



Some Examples of Programs

A Programming Language @

List of instructions of £:

DYAr?
instruction intrepretation Y;Z o Univ
VV+1 increment
VV-1 decrement e,
If V' # 0 GOTO L | conditional branch Computable
Functions
Example M. Farshi
A Programmin
[A] X+ X -1 Langugage ’
Y+~Y+1 gﬁgtraalfnx:mples of
IF X #0GOTO A -
Output of the Program: Fonctons.
The program computes the function: o about

z otherwise.

f(a?)—{ 1 lfz=0



[A] X+ X -1
Y+«Y+1
IF X #0GOTO A

If one consider the above program to copy the value of X

to Y, then it has a "bug": it does not work correctly when
the input is 0.
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Some Examples of Programs

A Programming Language @

Example: S
[A] X+ X-1 Yazd Univ.
Y+<Y+1
IF X # 0 GOTO A Programs and
Computable
Functions
New Program: M. Farshi
[A} IF X % O GOTO B A Programming
Z (_ Z—|— 1 Languzge l f
IF Z # 0 GOTO E Progams ¢
[B] X+~ X-1 Syntax
Yoeral
Z < Z + 1 More about
IF Z + 0 GOTO A Macros

Note: We use Z because we can not use instructions like
GOTO A.



@ We can use GOTO A in our programs, but we
replace it with

Z+—Z+1
IF Z #0GOTOA
that satisfies in L.
@ Later, we will talk about the way we choose variable
Z distinct to all other local variables. gg{gfaEmfmp'es of
Syntax
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[4] IF X #0GOTO B
Z+—7Z+1
IF Z #0GOTO E
[B] X+ X—-1
Y+~Y+1
Z+—7Z+1
|F Z 7é 0 GOTO A Some Examples of

Programs

Note: The program does copy the value of X into Y butit  syax
destroyes X (i.e. the value of X is 0 at the end). Computable

Functions
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A Programming Language

Some Examples of Programs

Fixed Program:

[A] IF X #0GOTO B
GOTO C

[B] X+~ X-1
Y+<Y+1
Z+—7Z+1
GOTO A

[C] IFZ#0GOTO D
GOTO E

[D] Z+ Z-1
X+ X+1
GOTO C

Note: Later, we will use V + V' with above code as a
macro.
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A Programming Language

Some Examples of Programs

Macro for V < 0:

L] VeV-1
IFV #0GOTO L

Macro for V « V’:

V<0

[A] IFV'#0GOTO B
GOTO C

[B] V'« V' -1
VV+1
Z<+—Z+1
GOTO 4

[C] IFZ#0GOTO D
GOTO E

D] Z+ Z-1
ViV +1
GOTO C
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A Programming Language

Some Examples of Programs

v ; — Notes:
acrofor V.« V= o Adding Z « 0 at the
V<0 beginning of the macro
[A] IFV'#0GOTO B is unnecessary.
RO G @ Z should be distinct
[B] VieVi-1 from all local variables
g < Zill of the main program.
%
GOTO A @ Same for Labels in the
[C] IFZ+#0GOTO D marco.
GOTO E @ Label E in the macro
D] Z+Z-1 should replace by label
Vi~V +1 of the instruction after
GOTO C the macro in the main

program.
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[B]

[A]

Y(—Xl
Z(—Xz

IF Z £ 0 GOTO A
GOTO E
Z+— 7Z -1
Y+~Y+1
GOTO B

Functions

More about
Macros
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Y X1 Z2 — X2
7« X, [B] IF Zy+0GOTO A
[B] IFZ+0GOTO A GOTO E
GOTO E [A] Zy Zy—1
A Z+Z-1 Zi+—X1+Y
Y« Y+1 Y «— 73
GOTO B GOTO B sansio
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A Programming Language

Some Examples of Programs

A Program for A Program for
f(x1,29) = 21 + 29 f(z1,29) = 21 X T3
Y X1 ZQ So X2
7 +— Xo [B] IF Zy # 0 GOTO A
[B] IF Z+#0GOTO A GOTO E
GOTO E [A] Z2 — Z2 -1
[A] Z<+—7Z—1 Z1+—X1+Y
Y+~Y+1 Y «— 73
GOTO B GOTO B
Note:
Weused 7, + X; +Y
Y + Zl

instead of Y < X; + Y since in the summation macro all
3 variables should be distinct. If not, the result is not
correct.
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[B]

Y<—X1
Z(—Xz

IF Z £ 0 GOTO A
GOTO E
Z+— 7Z -1
Y+~Y+1
GOTO B

(Bl

[A]

Y(—Xl
Z+Y
IF Z #0GOTO A
GOTO FE

Z <+ 7Z—1
Y+~Y+1
GOTO B
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[B]

Y<—X1
Z(—Xz

IF Z # 0 GOTO A
GOTO E
Z+— 7Z -1
Y+~Y+1
GOTO B

(Bl

[A]

Y(—Xl
Z+Y
IF Z #0GOTO A
GOTO FE

Z <+ 7Z—1
Y+~Y+1
GOTO B

|l

It computes 2z, instead of z1 + y.
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Z2 — X2
[B] IF Zy #0GOTO A
GOTO E
[A] Zo+ Zo—1
Z1+— X1+Y
Y « 7
GOTO B

Y+ X 1
7 — X2 Computable
[B] IFZ+#0GOTO A unetens
GOTO E s
[A] Z+Z-1
Y~Y+1
GOTO B T IRE
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A Program for
f(l'l,l‘g) =1 X To:

ZQ(—XQ

[B] IF Z #0GOTO A

GOTO E

[A] Z2 (—22—1
1+ X1+Y
Y(—Zl
GOTO B

A Program for
f(w1,22) = 21 + 29!

Y(*Xl
Z(—XQ

[B] IFZ+0GOTO A

GOTO E
Al Z+Z-1
Y+<Y+1
GOTO B

The program with macro
expansion:

ZQ — Xg

IF Z, # 0 GOTO A
GOTO E

Lo +— Zoy—1

Zl — X1

Z3+Y

IF Z3 # 0 GOTO A,
GOTO E,

Z3 < Zg —1

1+ Z1+1
GOTO B,

Y + Z1

GOTO B
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Y(—Zl
GOTO B

A Program for
f(w1,22) = 21 + 29!

Y(*Xl
Z(—XQ

[B] IFZ+0GOTO A

GOTO E
Al Z+Z-1
Y+<Y+1
GOTO B

The program with macro
expansion:

ZQ — Xg

IF Z, # 0 GOTO A
GOTO E

Lo +— Zoy—1

Zl — X1

Z3+Y

IF Z3 # 0 GOTO A,
GOTO E,

Z3 < Zg —1

1+ Z1+1
GOTO B,

Y + Z1
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A Programming Language

Some Examples of Programs
A program for f(xq,z2) = x1 — xa:

Y(—Xl
Z%XQ

[C] IFZ+#0GOTO A
GOTO E

[A] IFY #0GOTO B
GOTO A

[B] Y+VY-—1
Z<—7Z—1
GOTO C

Notes:

If z; < x9, then the program will never terminate. So it

computes T1 — T If 21 > x5
f(gclv x2) =

undefined If 1 < xs.
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Syntax

Definitions and assumptions:

®© 6 6 6 o

L: Language

X;s: Input variables

Z;s: Local variables

Y': Output variable

A;, B;, C;, D;: labels

statements: (V: any variable, L: any label)
V«V+1

VeV-1

V < V (dummy statement)

IFV #£0GOTO L

Instructions: Either an statement or a label followed
by statement.

program: a list (i.e., a finite sequence) of instructions.

state of a program: value of all the variables of the
program.
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Syntax

Definitions and assumptions:

@ Instructions: Either an statement or a label followed
by statement.

@ program: a list (i.e., a finite sequence) of instructions.

@ state of a program: value of all the variables of the
program.

@ snapshot of a program of length n: status of the
program in each step. (o,4): status o at the point that
ith instruction is about to be executed.

@ (n+ 1,0): Terminal (n is the length of the program).
@ (i+ 1,0) is the seccessor of (i,0).
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Syntax

Seccessor of (i,0):

If ith instruction is | successor

V«V+1 (i4+1,7), 7 is o except that the value
of V incremented by 1.

VV-1 (i4+1,7), 7 is o except that the value
of V decremented by 1.

V<V (i+1,0).

IFV #A0GOTOL | If V =0,then (i+1,0).
If V' #£ 0, then

if there is instruction with label L
and j is the number of it, (4, 0),
and otherwise (n + 1, o) (stop).

A computation of a program

a sequence (i.e., a list) s1, s2, . . ., s of snapshots of the
program such that s; ;1 is the successor of s;, for
1=1,2,...,k—1and s is terminal.

()

Yazd Univ.

Chapter 2:
Programs and
Computable
Functions

M. Farshi
A Programming
Language

Some Examples of
Programs

Syntax

Computable
Functions

More about
Macros



Syntax

Note:

We have not forbidden a program to contain more than
one instruction having the same label. But only the first
occurance of the label take effect, i.e. the following
programs are the same:

[A] X+ X -1 [A] X+ X -1
IF X #0GOTO A IF X #0GOTO A
A X+ X +1 X+—X+1
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Computable Functions @

@ Consider a function of m variables. S
@ Let P be a program and r4, ..., 7, be m inputs. Yazd Univ.
@ initial state 0: X1 =71,..., X, =7, Y = 0 plus Chanter o
- apter 2:
V = 0 for all other variables. Programs and
Lo Compqtable
@ (1,0): initial snapshot. Punitu
M. Farshi

@ Case 1: 3 computation sy, so, . .., 55 of P beginning
with s1 = (1,0). Then £ (ry,ra,... 7 is the value | (0"

of Y at the (terminal) snapshot sy. Some Examples of
. . . Programs
@ Case 2: There is no such computation; i.e., the Syntax
sequence of snapshots is infinite. In this case Computable
£ (ry, v, . .. rm) is undefined. Functons

More about
Macros



Computable Functions @

Program: f(z) = « Qomputation for
input r e
[A] IFX#0GOTOB (1) L=
J— 7 =+ 1 (2) StatUS Yazd Univ.
IFZ+£0GOTOE (3) #| X Y| Z _
[B] X «X—-1 (4) 1 r 0 0 Programs and
Y« Y +1 (5) 4 r |0| O e
7« 7Z+1 (6) 5|r—11]0 0 M. Farshi
IFZ+#0GOTOA (7) 6|r—1]1] 0 A Programming
Tlr—1]1] 1 Language
1|r—1]1 1 Prograrma
Syntax
1 0 r T ?Sé"c‘iﬁf?sb'e
2] 0 Jr] e
3 0 r|r+1
8 0 r|r+1




Computable Functions

Program: f(z) =«

[A] IFX #£0GOTOB (1)
Z+—Z+1 (2)
IFZ#0GOTO E (3)

[B] X+ X-1 (4)
Y+«Y+1 (5)
Z+—Z+1 (6)
IFZ#£0GOTO A (7)

Assumptions:

@ If # inputs is less than #
input variables, it assigns 0
to the rest of input
variables .

@ If it is more, the rest are
ignored.

Computation for
input r

Status
#| X |Y Z
1 T 0 0
4 r 0 0
5|r—110 0
6 |r—1]1 0
7T r—1|1 1
1 |r—1]1 1
1 0 r r
2 0 r r
3 0 r|r+1
8 0 r|lr4+1
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Computable Functions

Definitions:
@ For any program P and any m, the function
F](Jm) (z1,...,Tn) is said to be computed by P.
@ A given partial function g is said to be partially

computable or partial recursive if it is computed by
some program.

@ A given total function ¢ is said to be computable or
recursive if it is computed by some program.

@ Sofar, itis shownthat z, x +y, z x yand x — y is
(partial) computable.

@ Computability theory (also called recursion theory)
studies the class of partially computable functions.
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More about Macros

@ Let f(z1,...,x,) be some partially computable

function computed by P. DY at
@ The variables that occur in P are included in Yazd Univ.
Y, X1,.... X0 Z1,..., Zp. _
. . . Chapter 2:
@ The labels that occur in P are all included in Fiograms and
omputable
E Aq, ... Ay Functions
5 o . M. Farshi
@ for each instruction IF V' == 0 GOTO A; there is an
i i A Programmin
instruction labeled A;. L hamn
o E |S the Only "eXit" |abe| Some Examples of
Programs
e P=PY, Xq,....Xn,Z1,..., 21, E, A1, ..., Ayp) Syntax
@ We replace all variables and labels by others: ERU
Qm = More about

P(Z’m7 Zm41y s Lmtns Lm+n+1, Lmtntks Bm, Am+1, 300 Am+g) Macros



o P=PY, Xi,..

'7XnaZI; "aZk,EaAla"-7A€)
@ We replace all variables and labels by others:
I)(£ZW17£Z7H4-17

s Zmtns Zmtn+1, Lmtntk, Bmy Am1,

7f4n1+4

Zm 0

Zmy1 < W1

Zm+n = Vn

Zm+n+1 0

Language

Some Examples of
Programs

Syntax
Zm+n+k <0
Qm

Computable
Functions
W+ Z,,

More about
Macros
J - = -
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More about Macros

'aXnazlv"

'7Zk‘aE>A1>"'7A€)

@ We replace all variables and labels by others:

o P=P(Y,Xi,..
Qm =
P(Zpy Zmtiy - - -

We replace W «+ f(V4,. ..

by

[Em]

Zm 0
Zm—i-l(_Vi

Zm+n = Vn
Zm+n+1 +~0

Zm—l—n—l—k +0

Qm
W+ Z,,

) Zm+n7 Zm+n+17 Z7n+n+k, E'm, Am+17 ..

Notes:

@ The variables and
labels used in @,
should be unique.

@ The expansion
should sets output
and local
variables to 0.

b) Am"rf)
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@ If one of the macros of the program is undefined,
then the program will not terminate.
Example:

AR X1 — X2
Y « 7+ X3
does not work if z1 < xo.

Computable
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More about
Macros
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More about Macros

Macros of the form IF P(V4,...,V,) GOTO L
@ Let P(xy,...,z,) be any computable predicate (its
output is 1 (=TRUE) or O(=FALSE).
@ The macro expansion of
IF P(VA,...,V,) GOTO L
is simply
Z— P(V,...,V)
IF Z #0GOTO L
@ Note that, now we know how to expand
Z <+ P(W,..., V)
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Pla) = { TRUE

FALSE otherwise

ifz =0
@ The following program computes P(x):

IF X #0GOTOE
Y«+~Y+1

@ Note that it is not an instruction in the language.
@ Define

Programs

Syntax

Computable
Functions

More about
Macros
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End of Chapter 2.
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