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Composition

@ Definition: Let f be a function of k variables and let
g1, - - -, gx be functions of n variables. Let
h(z1, ... xn) = flor(x1, .oy xn), .oy g2, . ..
Then h is said to be obtained from f and g1, ..., gx
by composition.

@ Theorem 1.1. If i is obtained from the (partially)
computable functions f, g1, ..., g by composition,
then h is (partially) computable.

Proof.
The following program obviously computes h:
Z1 — gl(Xl, e ,Xn)

Zk — gk(Xl,...,Xn)
Y <« f(Zl,,Zk)

»Tn))-
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@ Definition: Let
g: a total function of two variables
k: a fixed number
Then h is said to be obtained from g by primitive
recursion, or simply recursion if

h(0) = k,
h(t +1) = g(t, h()).
@ Theorem 2.1. If g is computable, then h is also
computable.
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Recursion

Theorem 2.1. If g is computable, then & is computable.

Proof.

@ The constant function f(z) = k is computable (by a
program with & statement Y < Y + 1). So we have
macro Y + k.

@ The following program computes h:
Y k&
[A] IF X =0GOTO E
Y «9(Z,Y)
Z<+—7Z+1
X+—X-1
GOTO 4

()
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@ Definition: Let
f: atotal function of n variables
g: a total function of n + 2 variables
Then h is said to be obtained from g by primitive
recursion, or simply recursion if

hz1,. .., 20,0) = f(z1,...,20),

Mz, ... xn,t+1) = g(t,h(z1,...,zn,t),21,. ..,
@ Theorem 2.1. If g is computable, then h is also
computable. Functons
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Theorem 2.1. If g is computable, then h is computable.

@ The following program computes h:
Y+ f(X1,...,Xn)
[A] IFX,4; =0GOTO E
Y+ g9(Z2,)Y, X1,...,X,)
Z+—7Z+1
Xnp1 ¢ Xpy1—1
GOTO 4
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@ s(x)=z+1

@ n(z)=0

@ (projection functions) foreach 1 <i < n,
ul(Z1,..-Zn) = 2;

A class ¢ of total functions is called a PRC class if
@ The initial functions belongs to ¢,
@ ltis closed under composition and recursion.
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PRC Classes

Primitive Recursively Closed

Theorem 3.1. The class of computable functions is
a PRC class.

Proof. By Theorems 1.1, 2.1, and 2.2, we need only
verify that the initial functions are computable.

@ s(z) =z + lis computed by YV «+ X + 1.
@ n(x) is computed by the empty program.

@ ul(xy,...,x,) is computed by the program Y + X;.

Definition: primitive recursive function

A function is called primitive recursive if it can be
obtained from the initial functions by a finite number of
composition and recursion.

Corollary 3.2.

The class of primitive recursive functions is a PRC class.
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PRC Classes

Primitive Recursively Closed

Theorem 3.3. A function f is primitive recursive if
and only if f belongs to every PRC class.

Proof. (<) If f belongs to every PRC class, then, in
particular, by Corollary 3.2, it belongs to the class of
primitive recursive functions.

(=) Let f be a primitive recursive function and let ¢ be
some PRC class. We want to show that f belongs to ¢.
Since f is a primitive recursive function, there is a list

f1, f2,. .., frn Of functions such that f,, = f and each f; is
either an initial function or can be obtained from
preceding functions in the list by composition or
recursion.

Now the initial functions certainly belong to the PRC class
¢. Moreover ¢ is closed under composition and recursion.
Hence each function in the list f1, ..., f,, belongs to ¢.
Since f,, = f, f belongs to ¢.
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Every primitive recursive function is computable.

In Chapter 4 we shall show how to obtain a computable
function that is not primitive recursive. Hence it will follow
that the set of primitive recursive functions is a proper
subset of the set of computable functions.
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@ We have to show how to obtain f from the initial
functions using composition and recursion.

s(z) =z +1,n(x) =0,u}(21,...,20) = z3, (1 <3 <)

@ Step 1: Define f recursively:
f(,0) =«
fley+1) = flzy)+1
@ Step 2: Use initial functions :

f(ﬁ, 0) = u% (:1:) gsrr]nc;eigism. Rec.
fle,y+1) = gy, f(z,y),2), Prodicatos
where g(.’L‘17 Z25 .76'3) = S(u%(l‘l, L2, '/1"3)) geralzddoper. and
. . ye . . ounae:
@ So, f(x,y) = = + y is a primitive recursive function. Quantifers
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@ We have to show how to obtain A from the initial
functions using composition and recursion.

8(%) =:17-|—1,n(ac) =0, u?(xlw"axn) = Ty, (1 S'Lgn)

@ Step 1: Define h recursively:
h(z,0) = 0
hz,y+1) = h(z,y)+a
@ Step 2: Use initial functions :

.0) = i)
hMz,y+1) = gy, h(z,y),z), Prim. Rec.

3 3 Predicates
where g(."L'1,£C2, .1?3) = f(uz(-%'l,w% -773)7 u3($1> €Z2, 373)) Iterated Oper. and
and f(z1,2) = 1 + 2. Quantirs
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@ We have to show how to obtain A from the initial
functions using composition and recursion.

8($) =:17-|—1,n(ac) =0, u?(xlw"axn) = Ty, (1 S’LSTZ)

@ Step 1: Define h recursively:

h(0) = 0'=1
hMz+1) = (z+1)!=z!xs(x)
@ Step 2: Use initial functions :
hO) = 1
h(t + 1) = g(t, h(t)), Prim. Rec.
Predicates
Where 9 9 Iterated Oper. and
g(x1,22) = s(x1) X 29 = s(uj(z1,22)) X us(z1,22)). Bounded
@ So, h(x) = z!is a primitive recursive function. Minimalization

Pairing Functio)
and Ggr“\dal ‘i‘é/fkse



@ We have to show how to obtain A from the initial
functions using composition and recursion.

s(z) =z +1,n(x) =0,u}(21,...,20) = z3, (1 <3 <)

@ Step 1: Define h recursively:
h(z,0) = 1
hMz,y+1) = h(z,y) Xz
@ Step 2: Use initial functions:

h(z,0) = 1 gsrr]nc;eigism. Rec.
hz,y+1) = gz, h(z,y),9), prim. e
where g(x1, 12, 13) = u3(z1, T2, x3) X U3 (21, 29, 23)). rates Oper. anc
. T . . Bounded
@ So, h(x,y) = «¥ is a primitive recursive function. Quantiters
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@ We have to show how to obtain p from the initial
functions using composition and recursion.

s(z) =z +1,n(z) =0, ul(z1,...,2,) =24, (1 <i < n)

@ Step 1: Define p recursively:
p(0) = 0
p(t+1) = t
@ So, p(x) is a primitive recursive function.
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. T — if x>

@ We have to show how to obtain A from the initial
functions using composition and recursion.

s(x) =x+1,n(x) =0, ul(x1,...,2,) =, (1 <i < n)

@ Step 1: Define h recursively:
h(z,0) = z—-0=ux
hz,y+1) = z—y—1=plx—y)=ph(z,y)).
@ So, h(z,y) = x — y is a primitive recursive function.
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( y) = lz—yl

(x,y) Ix—yl—w—y+y—x

° So, h(z,y) = |z—y| is a primitive recursive function.

Ifx=0
ifx#£0
e afz)=1-=x

e of,a(0) =1,a(t+1) =0.
e So, a(x) is a primitive recursive function.
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Primitive Recursive Predicates

@ Predicates= Boolean-valued functions
1 ife=y

0 ifx#y
e d(z,y) = a(|x — y|) = primitive recursive.

@ z <y~ alr —y) = primitive recursive.
Theorem 5.1. If P, ) are predicates that belong to
a PRC class ¢, then so are ~P, P v ), and P A Q.
Proof.

@ ~P =q«(P).

@ PANQ=PxQ.

@ PV Q=~(~PA ~Q).

@ zr=yord(x,y) =

Corollaries:

@ If P,Q are PR predicates, then so are ~P, PV Q,
and P A Q.

e If P, are computable predicates, then so are
~P, PV Q,and P A Q.

()
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@ Predicates= Boolean-valued functions
_ 1 ifz=y
Om—yord(x,y)—{o it 2 £ 4

e d(z,y) = a(|r — y|) = primitive recursive.

@ z <y~ alr —y) = primitive recursive.

Proof.
@ ~P=qa(P).
( ) PRC Classes
@ PANQ=PxQ. Some Prim. Rec.
Functi
® PVQ=~(~Ph~Q) o
Predicates'

oz < y= (17 S Yy A N(x = y)) =n (y S 1:) = p”mmve Iterated Oper. and
recursive. Bounded
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Proof. f(z1,...,z,) = g(z1,...,2n) X P(x1,...,2,) +
h(z1,...,xn) X a(P(z1,...,25)).
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Primitive Recursive Predicates

Corollary 5.5.

If the functions ¢, ..., g, h and the predicate
P, ..., P, belong to a PRC class ¢ and
Vi<i<j<mandVzxi,..., z,,
Pi(xq,...,2,) A\ Pj(x1,...,2,) = 0then

g1(x1,. .., x,) A Pi(zq,...,2,)

Hon s n) = 2) 1 Pz 2)

h(z1,...,z,) otherwise
belongs to ¢.
Proof. (By induction on m)
Base step: m = 1 (Previous Theorem).
Induction hypothesis: It is true for m.

()
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Primitive Recursive Predicates

Proof. (Cont.)
Let g1 (171, -

f(z1,...,20) =

gm+1(z1, ..

,Tp)

h(Ila o ,xn)

Let

R (z1,...,20) = { Im+1(21, -

h(mly DR ,l‘n)

Then

91($1,...

Done!

gm(l'l, 000
W (zy,..

, Tn,)

.,:cn)

s T )

|f Pl(l‘l”l'n)

73771) if Pm+1(l'1,...,xn)

otherwise

otherwise

If Pl(iU]_, e ,Zl;'n)

() f Pu(z1, ..., Tn)

otherwise
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lterated Operations and Bounded Quantifiers

Theorem 6.1. If f(¢,z4,...,x,) belongs to a PRC
class, then so do the functi%ns

J'ITL) — Zf(t,xl,...7l'”)
t=0
y
[T, ).
t=0

Proof. Note: we cannot use induction for the proof,
because it proves that Vi, g(i, z1, . . ., z,,) belongs yo the
PRC class.

Consider the following recursion:

9y, x1,. ..

el h(y,x1,...,2,) =

9(0,z1,...,2) = f(O,21,...,2p)
gt+1,21,...,2y) = g(t,x1,...,2n)+ f(t+1,279,.}.

h(0,z1,...,2y) = f(0,21,...,2y)
h(t+1,z1,...,2y) = h(t,x1,...,2n) X f(t+1,21,...

()
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