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@ P = set of n points in R?.
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@ P = set of n points in R?.
® D ={lpq| |p,q € P}
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@ P = set of n points in R?.

@ D= {|pq| |p,q € P}.
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@ P = set of n points in R?.

@ D= {|pq| |p,q € P}.
e |D| =7 O(n?)
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@ P = set of n points in R?.

® D ={lpq| |p,q € P}

° |D| =7 0O(n?)

@ Decomposition of P x P = {A;}; s.t. P x P =U;A;,
A; = pairs with same distance.
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@ P = set of n points in R?.

® D ={lpq| |p,q € P}

° |D| =7 0O(n?)

@ Decomposition of P x P = {A;}; s.t. P x P =U;A;,
A; = pairs with same distance.

o [{Ai}i|=D| € ©(n?).
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@ P = set of n points in R?.
® D ={lpq| |p,q € P}

° |D| =7 O(n?)
@ Decomposition of P x P = {A;}; s.t. P x P =U;A;,

A; = pairs with same distance.
o [{A;}i| =|D| € ©(n?).
@ What if A; = pairs with almost same distance?
Is there a decomposition with size o(n?)?
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@ P = set of n points in R?.
® D ={lpq| |p,q € P}
° |D| =7 O(n?)
@ Decomposition of P x P = {A;}; s.t. P x P =U;A;,
A; = pairs with same distance.
o [{A;}i| =|D| € ©(n?).
@ What if A; = pairs with almost same distance?
Is there a decomposition with size o(n?)?
@ Answer:
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@ P = set of n points in R?.
® D ={lpq| |p,q € P}

e |D| =" O(n?)
@ Decomposition of P x P = {A;}; s.t. P x P =U;A;,

A; = pairs with same distance.
o [{A;}i| =|D| € ©(n?).
@ What if A; = pairs with almost same distance?
Is there a decomposition with size o(n?)?

@ Answer: YES! Size O(n) exists! e
Use Well-Separated Pair Decomposition.
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@ WSPD: introduced by Callahan and Kosaraju in 1995.

@ |t applications: To solve a large variety of proximity problems

Paul B. Callahan

S.Rao Kosaraju

o i B0

The Split Tree
Computing WSPD

SSPD

Extension to Other
Metrics
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A, B c R? are s-well-separated pair (s > 0 constant),
if 3 disjoint balls, D4 and Dp such that
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A, B c R? are s-well-separated pair (s > 0 constant),
if 3 disjoint balls, D4 and Dp such that

@ ACDyand B C Dg.
°

p
D‘A
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A, B c R? are s-well-separated pair (s > 0 constant),
if 3 disjoint balls, D4 and Dp such that

@ AC Dyand B C Dg.
@ d(D4,Dp) > s x max(radius(Dy), radius(Dp)).

Dp

Extension to Other
Metrics
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If (A, B) is a s-well-separated, p,p’ € A, q,¢ € B, then
° |pp'| < (2/5)|pq|
@ |p'q'| < (1+4/s)lpq|
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If (A, B) is a s-well-separated, p,p’ € A, ¢,¢’ € B, then
© |pp'| < (2/s)lpql
° |p'q'| < (1+4/s)lpg|

p
s x max{ra,rp}
/
s
2

Ipq|

AVARY

S

A%

Dp
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If (A, B) is a s-well-separated, p,p’ € A, ¢,¢’ € B, then
© |pp'| < (2/s)lpql
° |p'q'| < (1+4/s)lpg|

Ip'd|

1p'p| + |pa| + |ad|

9 9
—|pq| + |pa| + =|pql
S S

IN

IN

<

4
(1+ g)lpql-
P
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If (A, B) is a s-well-separated, p,p’ € A, ¢,¢’ € B, then
© |pp'| < (2/s)lpql
° |p'q'| < (1+4/s)lpg|

Ip'd|

1p'p| + |pa| + |ad|

9 9
—|pq| + |pa| + =|pql
S S

IN

IN

<

4
(1+ g)lpql-
P
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‘Well-Separated Pair Decomposition:
Let P c R* and s > 0. A WSPD for P w.r.t. s is a set
{(Ai, B;)}I", of pairs of non-empty subsets of V' s. t.
® Vi, A; and B; are s-well-separated pair,
@ Vp,q € V, there is one index ¢ s. t.

@ pec A;and g € B; or
) g € A; and p € B;.

m

More precisely: P x P = U(A, X Bj)

1=1

Extension to Other
Metrics

W @ o

N)
£t
Q

7/28



Let P c R* and s > 0. A WSPD for P w.r.t. s is a set
{(Ai, B;)}I", of pairs of non-empty subsets of V' s. t.
@ Vi, A; and B; are s-well-separated pai,
Vp,q € V, there is one index i s. t.
A; and q € B; or
A; and p € B;.

P
q

m Mm

m

More precisely: P x P = U(A, X Bj)

1=1
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Let P c R* and s > 0. A WSPD for P w.r.t. s is a set
{(Ai, B;)}I", of pairs of non-empty subsets of V' s. t.
@ Vi, A; and B; are s-well-separated pai,
@ Vp,q € V, there is exactly one index i s. t.

@ pe A;and g € B; or
@ gecA;andp € B,.

e Split Tree

More precisely: P x P = | J(4; x B;)

i=1

Computing WSPD

SSPD

Extension to Other
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Let P c R* and s > 0. A WSPD for P w.r.t. s is a set
{(Ai, B;)}I", of pairs of non-empty subsets of V' s. t.
@ Vi, A; and B; are s-well-separated pai,
@ Vp,q € V, there is exactly one index i s. t.

@ pe A;and g € B; or
@ gecA;andp € B,.

The Split Tree

More precisely: P x P = | J(4; x B;)
=1
m : Size of WSPD.

Computing WSPD

SSPD
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Does a WSPD exist for any set P? '
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Does a WSPD exist for any set P? l

Yes. We can consider WSPD for P as follows

{{pi},{e:}} Vdistinct points p; and ¢; of P
Size: O(n?).

Metrics
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WSPD exists? @

Question 7,
Does a WSPD exist for any set P?

The
Well-Separated
Pai
A nswer Decom?)lgsition
Yes. We can consider WSPD for P as follows M. Farshi
Definition of
{{pi},{q:}} V distinct points p; and ¢; of P SRD
Compute WSPD
SIZG O(TZQ) (Icm.:x,'\ g V;SPL)
SSPD

Extension to Other

WSPD Of S|Ze O(n)? Metrics

(Callahan & Kosaraju (1995))
For any set of n points, we can construct a WSPD of size
O(s% - n) in O(nlogn) time using O(s¢ - n) space.



How can we find a WSPD of size O(n) for a set of n
points with respect to s > 0?

W @ o

Pl

9/28



How can we find a WSPD of size O(n) for a set of n
points with respect to s > 0?

@ Construct a tree (split tree or compressed quad tree).
@ Construct the WSPD using the tree.

Metrics
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@ Compute bounding box of the points.
@ Split the longest edge of the bounding box.

@ Recurse on each part (left and right child) if it
contains more than 1 point.

Metrics
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Algorithm SPLITTREE(P, R)

©CXONO O AWN

it |P| =1

then create a new node u;
R(u) := R(P);
Ro(’u.) = R;

else

store R(u) and Ro(u) with w;

return node u;

compute the bounding box R(P) of P;

split R into two hyperrectangles R and Ra;
Py .= PN Ry;

Py =P \ Pr;

v := SPLITTREE(P1, R1);

w := SPLITTREE(P2, R2);

create a new node u;

R(u) := R(P);

Ro(u) = R;

store R(u) and R (u) with w, with children v and w;
return node u;
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Algorithm SPLITTREE(P, R)

1. if|P|=1

2. then create a new node u;

3. R(u) := R(P);

4. Ro(u) :== R;

5. store R(u) and Ro(u) with u;

6. return node u;

7. else compute the bounding box R(P) of P;

8. split R into two hyperrectangles R and Ra;

9. Py .= PN Ry;

10. Py :=P \‘Fﬁ;

11. v := SPLITTREE(P1, R1);

12. w := SPLITTREE(P,, R2);

13. create a new node u;

14. R(u) := R(P);

15. Ro(u) :== R;

16. store R(u) and R (u) with , with children v and w;

17. return node u; .

Time Complexity: ©(n2) Since the height of tree can be O(n). -
face

12/28



Algorithm SPLITTREE(P, R)

1. if|P|=1

2. then create a new node u;

3. R(u) := R(P);

4. Ro(u) := R;

5. store R(u) and Ro(u) with w;

6. return node u;

7. else compute the bounding box R(P) of P;

8. split R into two hyperrectangles R and Ra;

9. Py .= PN Ry;

10. Py :=P \‘Fﬁ;

11. v := SPLITTREE(P1, R1);

12. w := SPLITTREE(P,, R2);

13. create a new node u;

14. R(u) := R(P);

15. Ro(u) :== R;

16. store R(u) and R (u) with , with children v and w;

17. return node u; .

Time Complexity: ©(n2) Since the height of tree can be O(n). -

But there is an O(nlog n) implementation for it. e
DA
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@ Compute Partial Split Tree in O(n) time.
@ Change the Partial Split Tree to Split Tree.

Pl
Q

13/28



The Split Tree

O(nlogn) Algorithm

Main Idea:
@ Compute Partial Split Tree in O(n) time.
@ Change the Partial Split Tree to Split Tree.

Partial Split Tree
@ Same as Split Tree; but leaves can have size
between 1 and n/2.
@ Time needed in each node is proportional to the size
of smaller child.
@ In computation: recurse on bigger child if its size is
> n/2.
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Algorithm CoOMPUTEWSPD(T, s)

Input: 7": Split Tree, s > 0.

Output: WSPD for S.

1. for each internal node v of T’

2. v :=left child of u; mputing

3. w :=right child of u; e

4, FINDPAIRS (v,w); vergs o

o B0

N)
L
Q

14/28



Computing the WSPD

Algorithm FINDPAIRS (v, w)

1. if P, and P, are s-well-separated pair
2. then return the node pair {v, w}
3. else if L0 (R(v)) < Lipaz(R(w))
4. then

5. wy := left child of w;

6. w, := right child of w;

7. FINDPAIRS (v, wy);

8. FINDPAIRS (v, w;);

9. else

10. v; = left child of v;

11. vy := right child of v;

12. FINDPAIRS (v, w);

13. FINDPAIRS (v, w);

Bounding boxes is used to decide about the
well-separatedness in O(1) time.
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Questions
@ FINDPAIRS(v, w) terminates? Singletons are
well-separated.

@ |s COMPUTEWSPD(T, s) correct?

W @ o

N)
Pl
Q

17/28



Questions
@ FINDPAIRS(v, w) terminates? Yes! Singletons are
well-separated.
@ |s COMPUTEWSPD(T, s) correct?
Almost obvious!
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Questons
@ FINDPAIRS(v, w) terminates? Yes! Singletons are
well-separated.
@ Is CoMPUTEWSPD(T, s) correct?
Almost obvious!

@ Time complexity of COMPUTEWSPD(T, s)?
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Questions
@ FINDPAIRS(v, w) terminates? Yes! Singletons are
well-separated.
@ Is CoMPUTEWSPD(T, s) correct? Yes!
Almost obvious!
@ Time complexity of COMPUTEWSPD (T, s)?
, m = # WSPs.

Extension to Other
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Questions
@ FINDPAIRS(v, w) terminates? Yes! Singletons are
well-separated.
@ Is CoMPUTEWSPD(T, s) correct? Yes!
Almost obvious!
@ Time complexity of COMPUTEWSPD(T, s)?
, m = # WSPs.
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@ FINDPAIRS(v,w) terminates? Yes! Singletons are
well-separated.

@ Is CoMPUTEWSPD(T, s) correct? Yes!
Almost obvious!

@ Time complexity of COMPUTEWSPD(T, s)?
O(m), m = # WSPs.
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A WSPD for P w.r.t. sis a set
{(Ai, B;)}", of pairs of non-empty
subsets of P s. t.
@ Vi, A; and B; are
s-well-separated pair,
@ Vp,q € P, there is exactly one
index ¢ s. t.
@ pecA;andqg e B; or
@ geA;andp € B;.

SSPD

Extension to Other
Metrics
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A WSPD for P w.r.t. sis a set
{(Ai, B;)}", of pairs of non-empty
subsets of P s. t.
@ Vi, A; and B; are
s-well-separated pair,
@ Vp,q € P, there is exactly one
index ¢ s. t.
@ pe A;and g € B; or
@ gecA;andp € B,.

Split Tree

q

mputing
SSPD

Extension to Other
Metrics
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Computing the WSPD

Size of WSPD

Main Idea:
@ Make pairs directed.
o (Py, P,) if (Pyar(u, Py) is not WSP.
o (Py, P,) if (Py, Pyar(v) is not WSP.
@ Each node appears in constant directed pairs as first
item (Using Packing Lemma).

Lemma

Let « be any node of the split tree 7. There are at most
((2s + 4)v/d + 4)? nodes v in T such that (P,, P,) is a
directed pair in the WSPD computed by algorithm
CoMPUTEWSPD(T, s).
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Let P c R? be a set of n points and s > 0.
@ The split tree for P can be computed in O(nlogn)
time.

@ Given the split tree, we can compute in O(s?n) time,
a WSPD for P with respect to s of size O(s%n).

Extension to Other
Metrics
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More details ...
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@ Approximation of the complete graph(Spanners).
@ Closest pair, All Nearest Neighbour, k-closest pairs.
@ Approximate Euclidean Minimum Spanning Tree.
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There are point sets such that for any WSPD {(A4;, B;) };

of them,

Z(lAi| + |Bil) = Q(n?).
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There are point sets such that for any WSPD {(A4;, B;) };

of them,
> (Al + |Bil) = Q(n?).

1 1/2 1/4 1/8
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There are point sets such that for any WSPD {(A4;, B;) };

of them,

Z(lAi| + |Bil) = Q(n?).
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There are point sets such that for any WSPD {(A4;, B;) };

of them,
> (4il + |Bi]) = Qn?).

21/2\
Dy,

A; and B; are not s-well-separated (s > 2) because

d(Da,,Dp,) # s x1/2.

Metrics
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A, B c R? are s-semi-separated (s > 0),
if 3 disjoint balls, D4 and Dp such that
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A, B c R? are s-semi-separated (s > 0),
if 3 disjoint balls, D4 and Dp such that

@ AC Dyand B C Dg.
°

T
D‘A

A
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A, B c R? are s-semi-separated (s > 0),
if 3 disjoint balls, D4 and Dp such that

@ ACDyand B C Dg.
@ d(D4,Dp) > s x min(radius(Dy), radius(Dp)).

Dg

Extension to Other
Metrics

> s xmin(ra,rg)
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Just replace WS by SS in WSPD definition. I
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Semi-Separated Pair Decomposition:
Just replace WS by SS in WSPD definition.

SSPD Construcion:

For any set P an SSPD {(A;, B;)}", such that
@ m=0(s?n),
@ > .(|Ai| + |Bi|) = O(s% - nlogn).

can be constructed in near linear time and space.

Note: >, (|A;| + | Bi|) = Q(nlogn).
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Semi-Separated Pair Decomposition:
Just replace WS by SS in WSPD definition.

SSPD Construcion:
For any set P an SSPD {(A;, B;)}", such that

@ m=0(s?n),
0 3,(J4i| +[Bi]) = O(s* - nlogn).

can be constructed in near linear time and space.

Note: > . (|4;| + |Bi|) = Q(nlogn).

@ Proposed by Varadarajan (1998).

@ Improved and applied to some problems by Abam et
al.(2005&2008).
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Metric Space
Metric space: (P,d),d: P x P — R
Q d(p,q) >0, Vp,gqeP.

e Split Tree
Computing WSPD

SSPD

Extension to Other
Metrics
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MetricSpace
Metric space: (P,d),d: P x P — R

Q d(p,q) >0, Vp,ge P.
Q d(p,q) =0ifand only if p = q.

The Split Tree
Computing WSPD

SSPD
Extension to Other
Metrics
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Metric Space
Metric space: (P,d),d: P x P — R
Q d(p,q) >0, Vp,qe P.
Q@ d(p,q) =0ifandonly if p = q.

Q d(p,q) = d(g,p)-

L

Compute WSPD
The Split Tree
Computing WSPD

SSPD

Extension to Other
Metrics
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Extention to Other Metrics

Metric Space
Metric space: (P,d),d: P x P — R
Q d(p,q) >0, Vp,qe P.

9 d(p,q) = 0 if and only if p = ¢.
d(p, q) = d(gq,p).
d(p,q) = d(p,r) + d(r,q), Vp,q,r € P.

Diameter and Distance
@ Diameter

D(A) := max{d(a,b) : a,b € A}.
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Extention to Other Metrics

Metric Space
Metric space: (P,d),d: P x P — R
Q d(p,q) >0, Vp,qe P.

9 d(p,q) = 0ifand only if p = q.
d(p,q) = d(q, p)-
d(p,q) > d(p,r) +d(r,q), Vp,q,7 € P.
Diameter and Distance
@ Diameter
D(A) = d(a.b):a,be A}.
@ Distance (S c(@al0)= aabie sy

d(A, B) := min{d(a,b) : a € A,b € B}.
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(A, B): s-well-separated if

d(A,B) > s x max{D(A), D(B)}.

Design efficient algorithms that
compute such a WSPD.
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(A, B): s-well-separated if

d(A,B) > s x max{D(A), D(B)}.

Which metric spaces (P, d) admit a WSPD of
subquadratic size? Design efficient algorithms that
compute such a WSPD.

Metrics
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(A, B): s-well-separated if
d(A,B) > s x max{D(A), D(B)}.

Which metric spaces (P, d) admit a WSPD of
subquadratic size? Design efficient algorithms that T

compute such a WSPD. Metrics
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Thank You.

m.farshi@gmail.com
http://cs.yazd.ac.ir/farshi/
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