Definition and Basic Properties Computing the Voronoi Diagram Voronoi Diagrams of Line Segments Farthest-Point Voronoi Diagrams

e Post Office Proble

Nafisech Mohkam
Yazd University




Definition and Basic Properties Computing the Voronoi Diagram Voronoi Diagrams of Line Segments Farthest-Point Voronoi Diagrams

allaa G gd

b gal d g )lai @
AR Gl @
i o bal Sy ssisys @

Wal SLo (553555 Farthest-Point @



Definition and Basic Properties

Computing the Voronoi Diagram

Voronoi Diagrams of Line Segments Farthest-Point Voronoi Diagrams

- -

iy

4 ) 4l j» a8 Jaa rassignment sy J <
S50 Jdae I AS ARy el Sy (ssig, o

Al (e Cuedy assignment

JJ,U‘S

el oLl jea

e

PR kW
Sy e

A g bl o

3/48

L
—



Definition and Basic Properties

Computing the Voronoi Diagram Voronoi Diagrams of Line Segments Farthest-Point Voronoi Diagrams

allaa (g

Al el d g las @

L



Definition and Basic Properties Computing the Voronoi Diagram Voronoi Diagrams of Line Segments Farthest-Point Voronoi Diagrams

4l g) iy jlad

o9

e (oo QLG dist(p, q) L1 g s p 4 53 Gn eull) alald

dist(p, q) := J(px — Qx)2+(Py — Qy)z

~(vor(P)) al 8L 6;33”

I — - —— _ = S S

\/

.HJ\J Aadia j) | jaa Cula 4kads 4c gana P = P1,P2, sPn %
13 9 e i Jolu n 40 ) eacld (il dndia o

q€ep; if andonlyif dist(p, p;) <dist(p,p;) Vp; € P,j#Ii



Definition and Basic Properties

Computing the Voronoi Diagram Voronoi Diagrams of Line Segments Farthest-Point Voronoi Diagrams

Jatiy 653909 Jsle

$H909 P; Jolu

Asdiea 03y Jilai V(p;) b p; Sul b Gl laliie 4S yor(P) Jsbu

g9 p Suar

mh °JIT‘: t_.m.a:m.lj.q.c 0:0
Sl Jald 48 5h asdiaaii th(qg,p) *

r € h(p, q) if and onlyif dist(r, p) < dist(r, q) <*



Definition and Basic Properties

Computing the Voronoi Diagram Voronoi Diagrams of Line Segments Farthest-Point Voronoi Diagrams

04 Liia

V(pi) = Ni<j<n, j=i N(pipj)

i astives Gl Jb A4S Sl adaie (330 55 6l S (5535 )

7/48



Definition and Basic Properties Computing the Voronoi Diagram Voronoi Diagrams of Line Segments Farthest-Point Voronoi Diagrams

7.2 Apad

.}QAJJLM"_LJL.»M;‘ _&»]oﬁaﬂjm_}d LL\_.}LmA.]ns.lnd.c}Aa.AP

(D gea i e Y Gl dadia wii n-1 JelS Vor(P) g 2ilead @5 i

At adani b bads jb plaladh 5 <l 4% 54 Vor(P)

e . @Pk ol il Syl Crand o
At A i G dad o )b Vor(P) slady o
Pi Pj il Jaaia Vor(P) o

8/48



Definition and Basic Properties

Computing the Voronoi Diagram Voronoi Diagrams of Line Segments Farthest-Point Voronoi Diagrams

LU SRAT LI

7.3 dual
® 4nbia 3 adaii Cylu n 4o sane ol 83 553555 3 el n>3 sl

Sl 30-6 8Slas UL dlaxd § 2n-5 yiSlaa

_(Jg) cad) )

,u\bmg\”gmjasﬁuqum



Definition and Basic Properties Computing the Voronoi Diagram Voronoi Diagrams of Line Segments Farthest-Point Voronoi Diagrams

Veo

-~ Ve -~ ,

-_—

(po? anid) )

R/

¢ My —Mme +mp =2
* ny+1)—m,+n=2
* 2n, = 3(n,+1)




Definition and Basic Properties

Computing the Voronoi Diagram Voronoi Diagrams of Line Segments Farthest-Point Voronoi Diagrams

A 0l 85

(Cp(q) R

Paansilqg ) & e n &)
GHAN 50 POl s 8 Sl g Jald 5 g S e b (s o pala 00 5K 3

. - .
. -



Definition and Basic Properties

Computing the Voronoi Diagram Voronoi Diagrams of Line Segments Farthest-Point Voronoi Diagrams

a) AL (g 51, Calid

7.4 Aud

Sl ) 8 J-‘_) j“-.“).) P I ““}“; -J" Vor(P) ebg\-);;_siuj By
Jad o Cpp(g) M3 oo &30 RV leii 5 & Vor(P) el g absi |
A0 O e o0l Jidn b 4w
AN 5 R A€ e cyyai 1 Vor(P) du pjs py sl n caaiargee |
Di sl a Jald cp(q)a\e_.au? AL 4G dsa g Caaladgee (S5 ( aJagy
e G pjo Py Sel i ia) Causd (55 50 (55 5 S Sl 43 5 4p s

(Q...u\



Definition and Basic Properties

Computing the Voronoi Diagram

Voronoi Diagrams of Line Segments Farthest-Point Voronoi Diagrams

allaa G gd

9
AR Gl @

)



Definition and Basic Properties Computing the Voronoi Diagram Voronoi Diagrams of Line Segments Farthest-Point Voronoi Diagrams

alida ol g

gt A G sia g dialan s s,
O(n?logn) iSypy & s, @

O(nlogn) :Suay < Fortune ai) S @

— —— = =

9wl Al Fortune a2

) s Gl Al QLD (g gy drlae Al 40 _G8a 2 (6 e o e alia o
DA A ol LA (6 919 ) 9 A e D R

A5G aidl Q(nlogn) ole) Slla (i 50 Gy e o) 8L (553555 Gl b o



Definition and Basic Properties Computing the Voronoi Diagram Voronoi Diagrams of Line Segments Farthest-Point Voronoi Diagrams

Furtune abss 3 o9

IO

S o3liinl Fortune a5l 0 (plane sweep) 4aiia g la (5 55 yin) )

a5 a8y (Ko 358 e )8 £ WL AS (el 44 L 45 £ YL Vor(P) ) siesd

Ao (K 0 £ slacul

—




Definition and Basic Properties

Computing the Voronoi Diagram Voronoi Diagrams of Line Segments Farthest-Point Voronoi Diagrams

alida ol g

da ol

£ YL Ay dndimay T

i sweep line YU ol 8Ly (553555 YL Caand | oa o) o
GRS mild e Ul g € £ a4kl ja () ke 40 b faiS a
fad oIS 4 Ll

Jilaa g8 2,50 JIA £ ) dlsiel q 4 Cule S o
DAL 4 Qs g A sk 2h p; € £ e 4 Sy

.J_)‘.J



Definition and Basic Properties

Computing the Voronoi Diagram Voronoi Diagrams of Line Segments Farthest-Point Voronoi Diagrams

(Beach line) Aalu hai

~ (Beach line) u-hba b3

hmfquJ&a}£5YhuuﬁJ\4SGmemu&a

b J‘Jcs"‘@"'“ dLQOLAs AJL\.\_‘. w\ _J.'ﬂoﬁ RFRESY ng\j A GLAOLQS
.axli = (Beach line) Aalw ha




Definition and Basic Properties

Computing the Voronoi Diagram

Voronoi Diagrams of Line Segments

04 Liia

Farthest-Point Voronoi Diagrams

18/48



Definition and Basic Properties Computing the Voronoi Diagram

Voronoi Diagrams of Line Segments Farthest-Point Voronoi Diagrams

B las

fagdipa AL sl bd (595 Baa (las pdga 4>

A e 2 Cula 4 sweep line £ 48 cd ey 13 50 SO

Dba b b e o

A g 8 (29 (82 W (oagn = DS o0 ES pa Gy Cew 43 Sweep line £ 4%

Site Event

Asdige An) s pax Gl Las s




Definition and Basic Properties Computing the Voronoi Diagram Voronoi Diagrams of Line Segments Farthest-Point Voronoi Diagrams

xi8) oo AL Aa Site Event 3 ol 8L3 s 93909 (5l

A (3aaia aa 0 23a preakpoint 52 13 0 @

AUS e ES a SLSs Jb 00 S Jlis 6 g (Sl e ) s @

4SS

G Jaaia sweep line Y ol 8L (5 535 59 4ty 4 Jby ol i) 0




Definition and Basic Properties Computing the Voronoi Diagram Voronoi Diagrams of Line Segments Farthest-Point Voronoi Diagrams

2 (s ol

<l Site Event (Gaob ) il s g4 alu ad (6 2 5ie 2 LS a8 ills L

é;uhkujﬁtﬂu‘oﬁugﬁp] @aubﬁﬁjwﬁhdhjd(dauu})
NS el

21/48



Definition and Basic Properties

Computing the Voronoi Diagram Voronoi Diagrams of Line Segments Farthest-Point Voronoi Diagrams

(1 Caand) i)

ASG e ) i oo QS 4la B
OLa )y wlae adaad 0 sweep line ) y claiss :{’y oo
AR e

= (Px,Pjy)

. — 2 — 00
ﬁj =y = Z(P]y ) (x xx + Pj,x ,y )

3L 4381 pdali 4k S B 5 B 48 Al ISl = it £ 51 K 0 Py Py



Definition and Basic Properties Computing the Voronoi Diagram Voronoi Diagrams of Line Segments Farthest-Point Voronoi Diagrams

(2¢sand) )

Deh oalh B 5 B GleS 53 (O Bj



Definition and Basic Properties Computing the Voronoi Diagram Voronoi Diagrams of Line Segments Farthest-Point Voronoi Diagrams

2 (s ol

Dj Al aidly Hlay ja ) alle (3L e f L CoplaaS I «omb Claw 4 sweep line S oS Culgd o &S ja o




Definition and Basic Properties Computing the Voronoi Diagram Voronoi Diagrams of Line Segments Farthest-Point Voronoi Diagrams

Circle Event

Circle Event

22 iy ya3 Cuglis 4 ) 03 3K 6 pla adai oy yioly 43 sweep line 4S (s

ey

A= circle event <o (Aalu bi 555 A sie slaglaS

o e S a5 @

_..‘.)\J

25/48



Definition and Basic Properties Computing the Voronoi Diagram Voronoi Diagrams of Line Segments Farthest-Point Voronoi Diagrams

Circle Event Al

» 7.7

Sl circle event ek el b sl i (g5 21l 55 e s S a8 Al L



Definition and Basic Properties Computing the Voronoi Diagram Voronoi Diagrams of Line Segments Farthest-Point Voronoi Diagrams

JIA

(events) Walu g,

Site event (1

Asdiee Jlua paa laS o

S e a8 K e g b s Ju o
Circle event S

_.J}iac;a 8l J ¢ ga Lguul.qs J\ @ ol

A gee ad 4 el 328 ) da ja b 5o e




Definition and Basic Properties Computing the Voronoi Diagram Voronoi Diagrams of Line Segments Farthest-Point Voronoi Diagrams

0dld laial

al 8L (5 919

Doubly-connected edges list (DCEL) :oala laialis o

?JJ‘JJﬁJaﬁihd\ﬁéﬂ.&Alﬂ] D




Definition and Basic Properties Computing the Voronoi Diagram Voronoi Diagrams of Line Segments Farthest-Point Voronoi Diagrams

T (pﬂpk>

(Pi,pPj) (P> P1)

(Pms Di) {P1,Pm)

Pm Pi Pi| |Pm

pdla yladalu

~ (Beach line) (slw b3

Cuza g HbAlu Gl ¢ T (299 83 (6 s suma Ay teala ladall o
.Sl (status)
W leS o T LgLALS_)J ol

Break point :T (31 slaasi &

(Event Queue) 33 Ciua

.

(event 4 b sy y Slaise Sy ll) o ll Caa taala Glaiala

29/48



Definition and Basic Properties Computing the Voronoi Diagram Voronoi Diagrams of Line Segments Farthest-Point Voronoi Diagrams

32 Clas ol

Event Cases

S A (e 33 AS X Hla Break point U 50 48 I sl ola B4 1
L g el | S as A4S auiS e

258 2l 2 00l el event 42 453 ) 8 4S s Circle event @)

g |

218 o i 43 S Circle event L sy S




Definition and Basic Properties Computing the Voronoi Diagram Voronoi Diagrams of Line Segments Farthest-Point Voronoi Diagrams

Circle Event oluli

P2 o3
¢ o [/4 o 5

DX




Definition and Basic Properties

Computing the Voronoi Diagram

Voronoi Diagr

ams of Line Segments Farthest-Point Voronoi Diagrams

Circle Event ol

| 6

P

—I—'_'-'-'-

C(Pi Ps; pﬂ)

32/48



Definition and Basic Properties

- - ~

Computing the Voronoi Diagram

Voronoi Diagrams of Line Segments

circle event  olwlis

Farthest-Point Voronoi Diagrams

"3, £ circle event ghse 43

b (55 M sia cagan (LS AS il d Jans g 005 iy yal (A o pls adall 0 ol 40 sweep line S

— _ -

B3 e F ) circle event ¢aw )l sl

faasalail g i Ll da

b 55 A sie (oo LaS A A4S Syl d ja Jaa 3 4S (glo pla ) adadi o 8 by AS 0% sl 2 (iadas

Ao yadd event Cua 0 8 e 18 sweep line L) s i)l sl



Definition and Basic Properties

Computing the Voronoi Diagram

Voronoi Diagrams of Line Segments Farthest-Point Voronoi Diagrams

circle event  olwlis

status _bdlaw 3 circle event

ELN (SR sl S u.\b".m {_gl.éuzﬁ 4w 4ad status HUALL

i ol gige | a0 1) circle event il 5



Definition and Basic Properties Computing the Voronoi Diagram Voronoi Diagrams of Line Segments Farthest-Point Voronoi Diagrams

circle event  lulid

faiid maswa Wcircle event 4ed Ui

LA F ) g s g i€ e Al event Q w2 1) scircle event Gl (Seas

A sl o« 221l False Alarm ¢x!

S

‘false alarm ) » Bl 53

Site event @
R slaCircle event @



Definition and Basic Properties Computing the Voronoi Diagram Voronoi Diagrams of Line Segments Farthest-Point Voronoi Diagrams

(1) False Alarm J+a

(p7 <) ) Status

- -

circle event C'(ps, p3, p4)



Definition and Basic Properties Computing the Voronoi Diagram Voronoi Diagrams of Line Segments Farthest-Point Voronoi Diagrams

(1) False Alarm J+a

P2
4 o/'5
P

; =

(Xg

C'(p2.ps, pa)

37/48



Definition and Basic Properties Computing the Voronoi Diagram Voronoi Diagrams of Line Segments Farthest-Point Voronoi Diagrams

(1) False Alarm J+a

(p7 <)) 1) Status




Definition and Basic Properties Computing the Voronoi Diagram Voronoi Diagrams of Line Segments Farthest-Point Voronoi Diagrams

(2) False Alarm J4s

@) @ Ps Pe (p3 <)) J&) Status
5

M P2 P3 Pa

- — - ,
- » circle event C'(po, p3, ps)

circle event C'(py, ps. p3)

39/48



Definition and Basic Properties

Computing the Voronoi Diagram

Voronoi Diagrams of Line Segments Farthest-Point Voronoi Diagrams

(2) False Alarm J+2

P2 —O-p-&_-_

C(pa. p3, pa) .-

/

(vg WI” dlSappear )

“\.

N

C‘f{plvpﬂﬁ pﬂ)u T~

ra

'

40/48



Definition and Basic Properties

Computing the Voronoi Diagram

Voronoi Diagrams of Line Segments Farthest-Point Voronoi Diagrams

(2) False Alarm J+a

(p3 His ) ) Status



Definition and Basic Properties Computing the Voronoi Diagram Voronoi Diagrams of Line Segments Farthest-Point Voronoi Diagrams

Circle Event Al

Pj  C(pi,pj,pr) 784

-
S - = mi—
-
&

A g e 0312 andlS circle event Jaw 53 (s sig gy ol p

<L)

adads o 5 ol 4 sweep line 45 ) i Gy 4S aas (LGS oL

n - Lhlubi g a" sa’ s a Gdlsie OS 4w e n C(py,pj,0K)

-
- -
EEEEEEEEEEEEEEEEEEdisn e e NN N NN RN EEEEEEEEEE

L) g g cCalodd iy =i Py g Djs Di vl



Definition and Basic Properties Computing the Voronoi Diagram Voronoi Diagrams of Line Segments Farthest-Point Voronoi Diagrams

al Bl (5 5399 Al

Algorithm VORONOIDIAGRAM(P)
Inpur. A set P:= {pq.....pn} of point sites in the plane.
QOutput. The Voronoi diagram Vor( P) given inside a bounding box in a doubly-connected edge
list 1.
1. Initialize the event queue Q with all site events, initialize an empty status structure T and
an empty doubly-connected edge list D.
while Q is not empty
do Remove the event with largest y-coordinate from Q.
if the event is a site event, occurring at site p;
then HANDLESITEEVENT( p;)
else HANDLECIRCLEEVENT(Y), where ¥ is the leaf of T representing the arc that
will disappear
The internal nodes still present in T correspond to the half-infinite edges of the Voronoi
diagram. Compute a bounding box that contains all vertices of the Voronoi diagram
in its interior, and attach the half-infinite edges to the bounding box by updating the
doubly-connected edge list appropriately.
8. Traverse the half-edges of the doubly-connected edge list to add the cell records and the
pointers to and from them.

= i i

|

43/48



Definition and Basic Properties Computing the Voronoi Diagram Voronoi Diagrams of Line Segments Farthest-Point Voronoi Diagrams

al Bl (5 5899 A

HANDLESITEEVENT(p;)

L.

If T 1s empty, insert p; into it (so that T consists of a single leaf storing p;j) and return.

Otherwise, continue with steps 2—- 5.

Search in T for the arc « vertically above p;. If the leaf representing ¢ has a pointer to a
circle event in Q, then this circle event is a false alarm and it must be deleted from 4.
Replace the leaf of T that represents & with a subtree having three leaves. The middle leaf
stores the new site p; and the other two leaves store the site p; that was originally stored
with a. Store the tuples (p;, p;) and (p;. p;) representing the new breakpoints at the two
new internal nodes. Perform rebalancing operations on T if necessary.

Create new half-edge records in the Voronoi diagram structure for the edge separating
V(pi) and V(p;), which will be traced out by the two new breakpoints.

Check the triple of consecutive arcs where the new arc for p; is the left arc to see if the
breakpoints converge. If so, insert the circle event into 2 and add pointers between the
node in T and the node in Q. Do the same for the triple where the new arc is the right arc.
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HANDLECIRCLEEVENT(Y)

1.

Delete the leaf y that represents the disappearing arc o from 7. Update the tuples represent-
ing the breakpoints at the internal nodes. Perform rebalancing operations on T if necessary.
Delete all circle events involving  from Q; these can be found using the pointers from
the predecessor and the successor of y in 7J. (The circle event where « 1s the middle arc is
currently being handled, and has already been deleted from Q.)

Add the center of the circle causing the event as a vertex record to the doubly-connected
edge list D storing the Voronoi diagram under construction. Create two half-edge records
corresponding to the new breakpoint of the beach line. Set the pointers between them
appropriately. Attach the three new records to the half-edge records that end at the vertex.
Check the new triple of consecutive arcs that has the former left neighbor of ¢ as its middle
arc to see if the two breakpoints of the triple converge. If so, insert the corresponding circle
event into 2. and set pointers between the new circle event in Q and the corresponding leaf
of 7. Do the same for the triple where the former right neighbor is the middle arc.
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