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ABSTRACT

THE SINGER-WERMER CONJECTURE
BY

MOHAMMAD FARSHI

A derivation on a Banach algebra A is a linear operator D on A that satisfies D(ab) =
aD(b) + D(a)b (a,be A).

The interest in range inclusion results for derivations on Banach algebras goes back
to I. M. Singer’s and J. Wermer’s paper from 1955, in which they proved that every
bounded(continuous) derivation on a commutative Banach algebra maps into the (Ja-
cobson)radical. In a footnote they conjectured that the boundedness requirement for the
derivation was superflous. This became known as ”The Singer-Wermer Conjecture”. It
took more than thirty years until this conjecture was finally proved by M. P. Thomas.

There are various meaningful generalizations of the Singer-Wermer theorem and the
Singer-Wermer conjecture to the noncommutative setting. All these results require at
some point the following theorem by A. M. Sinclair: Every bounded derivation on a Ba-
nach algebra leaves the primitive ideals invariant. For commutative Banach algebras,
the classical Singer-Wermer theorem can easily be deduced from Sinclair’s result, which
justifies the name “noncommutative Singer-Wermer conjecture” for it. The big open ques-
tion which has become known as ”The noncommutative Singer-Wermer Conjecture”, is
if every, possibly unbounded, derivation on a Banach algebra leaves the primitive ideals
invariant.

It comes as no surprise that range inclusion problems for derivations on Banach alge-
bras are closely connected with automatic continuity problems.

Another way of extending the Singer-Wermer theorem to the noncommutative situa-
tion is to consider local phenomena: The classical Kleinecke-Shirokov theorem states that
if A is a Banach algebra and a,b € A are such that [a, [a, b]] = 0, then [a, b] is quasinilpotent.

The Singer-Wermer conjecture is open until now and related to some other open ques-
tions in functional analysis.

The present dissertation organized as follows.

In the first chapter we put together some preliminary materials. In the second chapter
we state the Singer-Wermer theorem and Singer-Wermer conjecture and its proof. In the
third chapter we state some generalizations of the Singer-Wermer theorem(and conjecture)
to the noncommutative setting. Finally, in the forth chapter we state concluding results
and relation between the Singer-Wermer conjecture and some other open problems in
functional analysis.
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