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ABSTRACT. We investigate the continuity of principal eigenvalues
(i.e., eigenvalues corresponding to positive eigenfunctions ) for the

boundary value problem
—Au(z) = Mg(z)u(z) = € Br(0)
u(z) =0 |z| =R

,where Br(0) is a ball in RY, and g is a smooth function, and we

show that A\ (R) and A] (R) are continuous functions of R.

1. INTRODUCTION

We study the function R — A (R) where A] (R) being the unique
positive principal eigenvalue (i.e., eigenvalue corresponding to positive

eigenfunction) for the boundary value problem

{ —Au(z) = Ag(z)u(xz) =« € Bgr(0) 1)

u(z) =0 || = R

where A is the standard Laplace operator, Br(0) is a ball in RN, and
g : Br(0) — R is a smooth function with changes sign on Bg(0).
In recent years there has been interest in such problems since Fleming

[1] studied the following equation which arises in population genetics
1
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u(z,t) = Au+ Ag(x) f(u), zeD (2)

where D is a bounded domain with smooth boundary, g changes sign on
D and f is some function of class C! such that f(0) = 0= f(1).

Fleming,s results suggested that nontrivial steady-state solutions were
bifurcating off the trivial solutions v = 0 and v = 1. In order to inves-
tigate these bifurcation phenomena it was necessary to understand the

eigenvalues and eigenfunctions of the corresponding linearized problem

—Au(z) = Ag(z)u(z) xeD (3)

The ordinary differential equation versions of (3) were studied by Sturm,
Picone[2] and Bocher[3]. Motivated by Fleming,s paper Brown and
Lin[4] and Hess and Kato[5] studied the eigenvalues and eigenfunctions
of (3) in the partial differential equation case. Since in population ge-
netics the unknown function u represents the frequency of a population
only solutions u > 0 are of interest.

In order that nontrivial solutions bifurcating off the zero solution are
positive it is necessary that the eigenfunction of the corresponding eigen-
value is positive. Such eigenvalues and eigenfunctions are called principal
eigenvalues and eigenfunctions.

The existence of principal eigenvalues of (1) has been studied previously
in [4,5,6]. It is well known (see[5]) that there exists a double sequence

of eigenvalues for (1)
LA < AT <0< AT <N <

A (A\]) being the unique positive(negative) principal eigenvalue, i.e.,
(1) has solution u(v) which are positive in Br(0), and we call principal

eigenfunction corresponding to principal eigenvalue )\f()\f).
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The variational characterizations of A\{ (R) and A[ (R) are proved in [8],

Theorem 1. We have

I8 [Vul?dz
AT (R) = inf =(0) cu € H(Bgr(0 ,/ g(z)u*dz > 0
) = e RO, [ et o)
and
I3 ) |Vu|?dz
A (R) = sup{—2L tu € Hl(BR(O)),/ g(x)ulds < 0}.
' fBR(O)g(UU)Ude 0 Br(0)

Also it is proved that (see [8])

Theorem 2. \{ (R) can be characterized as

fBR(O) |Vul?dx

AT (R) = inf
1 ( ) {IBR(O) g(m)uzd:c

fu € CSO(BR(O)),/B o g(x)u*dx > 0},

and similarly for A7 (R).

2. ON THE CONTINUITY OF Af (R) AND A] (R) WITH RESPECT TO R

First we prove that A\] (R)(\] (R)) is a strictly decreasing(increasing)

function of R
Theorem 3. R — A\ (R) is a strictly decreasing function.
Proof. It is proved in [8] that R — A (R) is a decreasing function

of R, so it is sufficient to show the strictly of it. We prove it by a con-

tradiction argument. On the contrary, suppose there exists R and R’
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such that R < R’ but A\] (R) = A\ (R/). Then there exist two positive

functions u and v on Br(0) and Bg/(0), respectively, such that

—Au(z) = X (R)g(@)u(z) = € Ba(0) "
u(z) =0 || = R
and
—Au(z) = M (R)g(x)o(x) = € Br(0) o)
v(z) =0 |z| = R/
From (5) we have
—Av(z) = A\ (R)g(z)v(x) x € Br(0) (©)
v(xz) >0 || =R
Multiplying (4) by v and integrating over Br(0) we obtain
ulxr v\x)ar — 'Ul'@x S:+ r)ul\x)v\x)ax
[, e = [ e@gieis=xim [ g
(7)
also by multiplying (6) by u and integrating over Br(0) we obtain
ulxr v\r)ar — UI@I S:+ / Z)u\x)v\x)ax
[, Tu@ve@s — [ @i =Xt [ gt -
Now by subtracting (8) from (7) we obtain
0
[ @ @ds =) - NHE) [ glaute(ds
|w|=R " Br(0) ()

By (4) and (6) we have
ou
/va(x)%(:c)ds <0

and so by (9) we obtain A{ (R) —A] (R’) # 0, and this is a contradiction.
g

Also by a similar argument we can obtain
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Theorem 4. | (R) is a strictly increasing function of R.
Theorem 5. R — A\ (R) is a continuous function of R.

Proof. Let ¢ > 0 is given. Let R; > R and sufficiently close to R,

it is enough to show that
A (R) < AT (Ry) +e
Let 1 € H}(Bg, (0)) is such that

{ —Api(z) = A] (R1)g(z)e1(z) 2 € Bg, (0)
p1(z) =0 lz| = Ry

We define y = %x and ¢(x) = ¢1(y) for x € Br(0). We have ¢ €
H}(Bg(0)) and we have

/ o) 3 () da: / 9(2)@ (z)de
Br, (0) Br(0)

_ / 9(2)@3 (@)dz — / g(2)@? (@) + / 9(2) 03 (x)dx
Br(0) Br(0) Brg, (0)—Br(0)

< / 9(2) 3 (x)dz — / o(2)¢*(x)da] + | 9(2)3 (x)dx
Br(0) Br(0) Brg, (0)—Br(0)
< / 9|63 (@) — @(@)\de + / 1923 (@) de
Br(0) Br, (0)—BRr(0)
R
< ([ I - (pold) sw o)
Br(0) z€BR(0)
©OBr(0) - Br0)  swp |g(e)@d@)

2€BRr, (0)—Bgr(0)

Since fBR(O) |3 () — (p%(%x)\dx — 0 and |Bg,(0) — Br(0)] — 0 as

R; — R we have
/ g(x)@*(x)dx > 0.
Bgr(0)
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So

JBr0) VO (@)Pdz
fBR(o ) ()dw

S, (0 V1) dy
S, 0 9W)1* (v)dy
= (Ri/R)*\{ (Ry)

Al (R)

IN

= (Ri/R)?

< )\T(Rl) + €.

The last inequality hold if we choose R; such that Ry > R and suffi-
ciently close to R. If a such R; is chosen then for every R’ € (R, Ry) we

have
AT(R) = AT (R) < AT (R) = M\ (Ry) < e

Hence A{ (R) is a continuous function of R. O

Also by a quite similar argument we can prove the following theorem
Theorem 6. R — A\| (R) is a continuous function of R.

Theorem 7. Let A\ (R) < A < A[(R), then there exists R > R
such that

M (R) <A< AT (R)

Proof. Let e = \] (R)— ), so € > 0. By using the continuity of the func-
tion R — A\ (R), there exists Ry > R such that A\] (R) — A\ (R1) < e.

Then we have

A < M (Ry).
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Similarly with the continuity of the function R — A] (R), there exists
Ry > R such that

A > A (R).
Now let R’ = min{ Ry, R2}, we have

AL(R) < AT (Ry) < A < M (Ry) < AT (R)

and so the proof is complete. O

REFERENCES

[1] W.J.Fleming ,A selection migration model in population genetics,

J.math.biol.2,219-233 (1975).

[2] M.Picone, suivalori eccezionali di un parametro, Ann.scuola norm. sup. pisa 11,
1-143 (1910).

[3] M.Bocher, The smallest characteristic numbers in a certain exceptional case,
Bull. Amer.Math.Soc.,21,6-9 (1914).

[4] K.J.Brown and S.S.Lin, on the existence of positive eigenfunctions for an eigen-
value problem with indefinite weight function , J.Math.Anal.Appl.75,112-120
(1980).

[5] P.Hess and T.Kato,on some linear and nonlinear eigenvalue problems with in-
definite weight function, comm.part.diff.e,5,999-1030(1980).

[6] A.Manes and A.M.Michelletti,un,eztensione della teoria variazionale
classica degli autovalori per operatori elliittici del secondo ordine
Boll.un.math.ital.7,285-301 (1973).

[7] W.Allegretto, principal eigenvalues for indefinite weight elliptic problems in RN,
proc.Amer.math.soc.116,701-706 (1992).

[8] G.A.Afrouzi, some problems in elliptic equations involving indefinite weight func-

tions, ph.d Thesis, Heriot-watt university, Edinburgh,U.K, (1997).






REMARKS ON UNCOMPLEMENTED SUBSPACES OF
SOME OPERATOR SPACES

M. ALIMOHAMMADY

DEPARTMENT OF MATHEMATICS,
FACULTY OF BASIC SCIENCES,
UNIVERSITY OF MAZANDARAN,

BABOLSAR,
IRAN.

ABSTRACT. We show that a closed subspace S(E,F) of L(E,F) in
which weak operator topology and weak topology on sequences are

coincide would be uncomplemented in both L(E, F') and W (E, F).

Let E and F be Banach spaces (real or complex). The symbols
L(E,F), K(E,F) and W(E, F) denote the Banach spaces of bounded
operators (bounded linear maps), those are which compact, and those
are which weakly compact. Many papers see ([2], [7], [8], and [9]) have
been devoted to the question of uncomplementability of some subspaces

of L(E, F) in it.

In [1], we introduced and studied some operator spaces with the
K-property, i.e. subspaces of L(E,F) in which weak operator topol-

ogy and weak topology on sequences are coincide. It is well known

YAMS 1991 Mathematics subject classification : 46A32.
9
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that Ky« (E*, F) the space of all compact weak*-weak continuous op-
erators from E* to F' has the K-property [10]. We reserve the symbol
S(E,F) for an arbitrary subspace of L(E, F') containing E* ® F with
the KC-property. The present note deals with the question of uncomple-
mentability of S(E, F) in L(E,F) and W(E, F). As a consequence we
show cca(3, E) is uncomplemented in ca(X, E'). All notions and termi-
nologies used and not defined in this note can be found in [4] and [5].

Our purpose is to prove the following results.

THEOREM 1. Suppose that F' has a copy of £1 and E is not a Grothendieck
space. Then S(E**, F') is uncomplemented in L~(E**, F).

THEOREM 2. Suppose that E has a complemented copy of {1 and
loo @ oo € S(l1,lso). Then S(E, L) is uncomplemented in L(E, lx).

PrOOF OF THEOREM 1. By the assumption there is an ¢1-basic se-

quence (Y, )n in F, i.e., there are C7, Cy > 0 such that

CIZ|777L|§H Znnyn HSCQZ|777L|’ (= (n)n € l1).
n=1 n=1 n=1

Assume that (7)), is a normalized, weak® null but not weakly null se-
quence in E*. There is 2** € Bp~ such that z**z} > € (n € N). Define
o : {1 — L(E**,F) by @(n)z* = >2, nix** (x})y;, which is a linear
map. ¢ is well defined since (y,) is an ¢1-basic sequence. We now show
that ¢(n) belongs to L« (E**, F). To this aim, it will be enough to

consider a weak*-null net (z3*), in Bg+«« and an element y* of Bp~, and

«

proving that

lima, | o(n)(23")y" [= 0. (1)
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Since Y npziy* (yy) is unconditionally converging in E, we have

limy supg=+c .. | Z T y*(yn) |= 0. (2)
n=p+1

Thanks to (2), given € > 0 for any y* € Bp~ we can find p € N such
that

** * €
SuPa’ Z TIn (yn) ’ 5 (3)

n=p+1

On the other hand

lzmaZnn o (20)y" (fn) = (4)

since 2} ()yn € Ly (E™,F) for all n € N. The formulas (2) and (3)
together give (1). Furthermore, using the closed graph Theorem we
can prove easily that the linear map ¢ : ¢1 — L, (E*, F) is con-
tinuous. Now assume on the contrary, there is a bounded projection
P: Ly<(E**,F) — S(E*,F). Boundedness of the sequence (y,) shows
that Py(en) = ¢(e,) = x(.)yy, is pointwise weakly null sequence, where
én is the nth unit vector basis of ¢;. Therefore, it must be a weakly null
sequence. By a theorem of Mazur ([4], page 4) there is a convex combi-
nation S, = 7" ) anip(e;) of (p(en)n) converging to zero in norm.

Hence for enough large n, || S, ||[< Cie. On the other hand

qn
Cie <C1 Y ani(2™x}) < supreeByu Z o™ (7)) | Sh ||
pn+1 = pn+1

which is a contradiction. O
Theorem 1 has the following Corollaries.

COROLLARY 3. Suppose E is not a Grothendieck space and F' has a
copy of 1. Then K(E,F) is uncomplemented in W(E, F).
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PROOF. Theorem 1 together with the two identifications L, (E**, F') ~
W(E,F), and K,«(E**,F) ~ K(E, F) give the result. O

COROLLARY 4. Suppose E is not a Grothendieck space. Then cca(X, E*)
is uncomplemented in ca(3, E*), where ¥ is the o-algebra of all Borel

subsets of an infinite compact Hausdorff space 2.
ProoOF. We recall that
cca(X, E*) ~ Ky (E* ca(X)), ca(X, E*) =~ Ly=(E™, ca(X)),

also ca(X) ~ C(Q)* [4]. From [3], C(f2) has a copy of ¢y. Therefore,
ca(X) has a complemented copy of /1. Now, an appeal to Theorem 1
completes the proof. O

Before we proceed to prove Theorem 2, we need the following lemma.

LEMMA 5. Suppose S(E,{l) is complemented in L(E,{lx) and ¢ :
loo = L(E,ls) is an operator such that @(e,) € S(E, L) where ey, is
the nth unit vector basis of cg in Lo. Then for any infinite subset M of
N, there is an infinite subset My of M such that, ¢(n) € S(E,{x) for
each n € Lo (My).

PrOOF. Let I' : L(E,lx) — S(E,fsx) be a bounded projection.
Without loss of generality we can assume M = N. It is easy to see that
Tp(en) = p(en), (n € N). Hence by Proposition 5 of [9], there exists
an infinite subset My of N with ¢(n) € S(E, l) for each n € o (My).
a

We are now in the position to prove Theorem 2.

PROOF OF THEOREM 2. Suppose I' : L(E, ls) — S(F,l~) and
P : E — H are bounded projections where H is a closed subspace of F
isomorphic with ¢;. We define A : L(H,l~) — S(H,lx) by A(T)h =
I(TP)h, (h € H) so A is a bounded projection. Therefore, we can



Remarks On Uncomplemented Subspaces of Some Operator Spaces 13

assume E = (1. Let (f,) € By, and 2* € By with 2*(f,) > e
Consider ¢ : loo — L({1,0x) defined by o(n)z = > npxpfn, where
(xn,) € €1 which is an operator. By Lemma 5, we can assume ¢(n) lies
in S(E,{l) for each n € . Let S, = ;ﬁpnﬂ api¢(e;) be the same
as in the proof of Theorem 1, by the same method for enough large n,
| Sn ||< €. Define x = ﬁx{pnﬂ,...,qn} € {1 where x(p, +1,..,) 1S the

characteristic function on {p, +1,...,¢,}. Then
e<(z"®@x)(Sy) <e

which is a contradiction. O

Theorem 2 has the following Corollary.

COROLLARY 6. If E* has a copy of co, then K(FE,{x) is uncomple-
mented in L(E** ).

PRrROOF. The fact that in this case E** has a complemented copy of
/1 [4], and the identifications used in the proof of Corollary 3 completes
the proof. O
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ABSTRACT. In this paper, we define the concept of a fuzzy Sg-
open, fuzzy Sg-closed and fuzzy Sg-Compact sets in fuzzy topolog-

ical spaces. Then we state and prove some results.

1. INTRODUCTION

The concept of a fuzzy subset was first introduced by Zadeh in [2].
Since its inception, the theory of fuzzy subsets has developed in many
directions and found applications in a wide variety of fields. The study
of fuzzy, subsets and its application to various mathematical contexts
has given rise to what is now commonly called fuzzy mathematics.
Fuzzy topological spaces (fts) is an important branch of fuzzy mathe-
matics.

Fuzzy Topological Spaces first were introduced by C.L.chang in 1968
[3]. Up to now many researchers have been working on this field and
developed it.

Sg-closed and Sg-open sets in general topology, were introduced for the

11999 Mathematics Subject Classifications: primary 54A40; secondary 54A05,
54A10.

key words: fuzzy topological spaces, fuzzy Sg-Open, fuzzy Sg-closed and fuzzy Sg-

Compact.
15
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first time by Bhattacharyya and Lahiri in 1987 [7]. In 1995, Sg-compact
spaces were introduced independently by Caldas [5], and by Devi, Bal-
achandra and Maki.

The purpose of this paper is:

(i) To contribute to he development of fts as introduced in [7].

(ii) To characterize and incerpret some properties by concepts peculiar
to fuzzy Sg-closed and fuzzy Sg-Compact in fts only.

(iii) To manifest some departures between general topology (Sg-closed
and Sg-Compact of topologies [4,7]) and fuzzy topology spaces(fts).
Therefore, in this paper We introduce the concept of Sg-Open and some

general properties for Sg-Compact fts are obtained.

2. PRELIMINARIES

Before we enter into the intended investigations properly, let us clarify
some definitions, notations and results relevant to this paper, further
details of which and other notations of the theory of fts can be found in
references.

Let X be a spaces of points. A fuzzy set A in X is characterized by a
membership function p4(z) from X to [0, 1].
Definition 1-1. Let A and B be fuzzy sets in X. Then
A =B < pa(x) = pup(z) for all x € X,
AC B <= pa(zr) < pup(z) for all x € X,
C=AUB < pc(x) =max{pa(z), pp(z)} for all z € X,
D =ANB <= up(z) = min{pa(z), up(x)} for all z € X,
E=A°<~ ug(r)=1—pa(z) for all x € X.
more generally, for a family of fuzzy sets A = {Ay | ) € T}, the Union
C = UjerA; and the intersection, D = N;c1A;, are defined by

NC(x) = SupiEI{:U’Ai(x)}’ e X,
pp(z) = infiEI{ﬂAi(x)}v reX.
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The symbol ¢ will be used to denote an empty, fuzzy set (e (z) = 0 for
all x € X).

For X, we have by definition px(x) =1 for all z in X.

Definition 1-2. A fuzzy topology is a family 7 of fuzzy sets in X which
satisfies the following conditions:

(a) ®, X €7

(b)if A, BeTthen ANBer

(c)If A; € 7 for each i € I, then Ur(A4;) € 7.

7 is called a fuzzy topology for X, and the pair (X, 7) is a fuzzy topo-
logical space or fts for short.

Every member of 7 is called a 7 -open fuzzy set (or simply open fuzzy
set). A fuzzy set is 7-closed or simply closed fuzzy set, if and only if its
complement is T-open.

Definition 1-3. Let f be a function from X to Y. Let B be a fuzzy set
in Y with membership function pp(y). Then the inverse of B, written

as f~Y[B] is fuzzy set in X whose membership function is defined by

py-1p) () = pp(f(x)) for all z in X
Conversely, Let A be a fuzzy set in X with membership function p(z).
The image of A, written as f[A], is a fuzzy set in Y whose membership

function is give by

Sup,ep-14y{pa(z)}, if f7y] is not empty;
A (y) = ,
0 otherwise.

for all y inY, where fl[y] = {z: f(x) =y}

Definition 1-3. A fuzzy set U in a fts (X,7) is a neighborhood of
a fuzzy set A if and only if there is an open fuzzy set O such that
A C O C U. Where as for two fuzzy sets A and B, A < B means
pa(z) < pp(z), for all z € X.

Definition 1-4. A fuzzy point in a set X is a fuzzy set p: X — I, [
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being the closed unit interval in X, such that

t forx = xp;
p(x) = ,
0 otherwise.

where t € (0,1),z, is called the support p and ¢, its value.
Also, a fuzzy point p is said to belong to a fuzzy set A in X (notation:
p € A) if and only if p(zy) < pa(xp). If A is a subset of X, we shall
denote the characteristic function of A, also by A.
Definition 1-5. Let A and B be fuzzy sets in a fts (X, 7), and let
B < A then B is called an interior fuzzy set of A if and only if A is a
neighborhood of B the interior of A and is denoted by A°. The closure
and interior of a fuzzy set A in a fts (X, 7) are defined respectively by:

A=inf{D:D>A,D €1},

A% = sup{D:D<A,De 7}.

It is easily seen the A is the smallest closed fuzzy set larger than A and
AY is the largest open fuzzy set smaller than A.

Definition 1-7. A family V of fuzzy sets is a cover of a fuzzy set A if
and only if B < U{v : v € V}. It is an open cover if and only if each
member of V is an open fuzzy set. A subcover of V is a subfamily of V
which is also a cover.

Definition 1-8.A fts (X, 7) is compact if and only if each open cover
has a finite subcover.

Definition 1-9. If 7 is fts on a set X and Y C X, then 7 |y denotes

the restriction of 7 to Y.

Tly={YNU:Uet}={ply:per}
The closure operator in a space is denoted by [0]. When we wish to
underscore that the closure is taken in a space (X, 7), we write [0] x )

instead of [0]. Fuzzy points with different supports will be called dis-

tinct.
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Srivastava [9] defined a ”fuzzy T} -topological space” as follows.
Definition 1-10. An fts (X, 7) is fuzzy T; if and only if for any two
distinct fuzzy points p,q in X,3U,V € 7 such that p € U,q ¢ U,q €
Vipg V.

3. MAIN DEFINITIONS:

Definition 2-1. A fuzzy set A in an fts X is said to be:
(i) A fuzzy semiopen set of X if A < cl(IntA),
(ii) A fuzzy a-open set of X if A < Int(cl(IntA)),
(iii) A fuzzy preopen set of X if A < Int(cl(A)).
The family of all fuzzy semiopen (resp. fuzzy a-open, fuzzy preopen)
sets of a fts X is denoted by F.SO(X), (resp. Fa(X), FPO(X)).
Definition 2-2. A fuzzy set A is called fuzzy semiclosed (or F'SC(X))
(resp. fuzzy a-closed, fuzzy preclosed) if A € FSO(X) (resp. Fa(X),
FPO(X)).
Remark. Every fuzzy open set is fuzzy a-open and every fuzzy a-open
set is fuzzy semiopen as well as fuzzy peropen, but the separate con-
verses need not be true.
Definition 2-3.Let A be is a fuzzy set in a fts X, the fuzzy semi-interior
of A, denoted by F'SInt(A), the fuzzy semi-closure of A, denoted by
FSCL(A) and the fuzzy semi-kernel of A denoted by Fsker(A) and are

defined as follows:

FSInt(A) =V{U : U € FSO(X) and U < A}.
FSCL(A)=NU:U € FSCL(X) and A < U}.
FSKer(A)=NU:U € FSO(X) and A <U}.
It is well known that F.SIn(A) = A A cl(IntA) and FSCL(A) = AV
Int(clA).
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Recall that a fuzzy set A of a fts X, called fuzzy Sg—open (or, FSGO(X))
is every fuzzy semiclosed subset of A included in the fuzzy semi-interior
of A.

Definition 2-4. A mapping f : X — Y is called fuzzy Sg-continuous,
(or fuzzy Sg-irresolute) if f~1(u) € FSGO(X) (or FSGC(X)) for every
open set (or fuzzy Sg-closed) u of Y.

Theorem 2-5.

I) If A is fuzzy Sg-closed and B is fuzzy closed set Then AV B is also
fuzzy Sg-closed.

IT) The intersection of a fuzzy Sg-open and an fuzzy open set is always
fuzzy Sg-open.

I1IT) The union of a fuzzy Sg-closed set and a fuzzy semi-closed set need
not be fuzzy Sg-closed set, in particular even finite union of fuzzy Sg-
closed sets need not be fuzzy Sg-closed set.

Proof. Assertions (I), (II) and (III) are obvious.

We prove that arbitrary intersection of fuzzy Sg-closed sets is fuzzy Sg-
closed.

In order to do that, we need first the following lemma.

Lemma 2-6. Let (X, 7) be a fts, then:

(i) A fuzzy subset A of X is fuzzy Sg-closed if and only if fscl (A) <
fsker (A).

(ii) Every singleton {z,} is either nowhere dense or fuzzy preopen.
Theorem 2-7. Arbitrary intersection of fuzzy Sg-closed sets is a fuzzy
Sg-closed set.

proof: Let {A; : i € I} be an fts (X,7) and let A = A
xp € fsc(A).

In the notion of Lemma 2-6 (ii), we consider the following tow cases:

iel Az Let

Case 1. {z,} is nowhere dense. If x ¢ A, then for some j € Iwe

have x, ¢ Aj. Since nowhere dense sets are fuzzy semi-closed, then
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xp ¢ fsker(A;). On the other hand, by Lemma 2-6 (i), z, € fscl(A) <
fscl(Aj) < fsker(A;), since A; is fuzzy Sg-closed. By contradiction,
xp € A and hence z, € fsker(A).

Case 2. {z,} is fuzzy preopen. Set F' = int(cl{z,}).
Assume that © ¢ fsker(A). Then there exists a fuzzy semi-closed set
S containing z, such that S\ A = ¢. Now, z, € F = int(cl{z,}) <
int(cl(S)) < S,
Since S is fuzzy semi-closed. Since F' is fuzzy semiopen set containing x,,
and since x, € fscl(A), then FF A\ A # ¢. Since F < S, then S \ A # ¢.
By contradiction, x), € fsker(A).
Thus, in both cases z, € fsker(A). By Lemma 2-6 (i), A is fuzzy Sg-
closed.
Corollary 2-8. (i) Any Union of fuzzy Sg-open is a fuzzy Sg-open set.
(ii) A fuzzy subset A of a fts (X, 7) is fuzzy Sg-closed if and only if A is
intersection of fuzzy Sg-closed sets.
If B < A and A is fuzzy open and fuzzy Sg-closed, then B is fuzzy
Sg-closed in the fuzzy subspace A if and only if B is fuzzy Sg-closed in
X.
Since a fuzzy subset is fuzzy regular open if and only if is fuzzy a-open
and fuzzy Sg-closed.
We obtain the following result:
Proposition 2-9. Let B be a fuzzy regular open subset of a fts (X, 7).
If A< B and A is fuzzy Sg-open in (B, 7|g), then A is fuzzy Sg-open in
X.
Definition 2-10. let X be a fts and A be a fuzzy set in X. A collec-
tion C' of fuzzy sets in X is said to be a fuzzy cover of A if and only if
[V{c:ce C}(z) =1, for all z € A. If the members of C are fuzzy open

(resp, fuzzy semiopen, fuzzy Sg-open), C' is called a fuzzy open (resp,
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fuzzy semiopen, fuzzy Sg-open) cover of A.

A fuzzy open (resp, fuzzy semiopen, fuzzy Sg-open) cover C of a fuzzy
set A in X said to have a finite subcover Cy for A if and only if there
exists a finite subcollection Cy = {c1,¢,...,cn} (say) of C such that
Vis{ci}] > A. A fuzzy set A in X is fuzzy compact (resp, fuzzy semi-
compact, fuzzy Sg-compact) if and only if every fuzzy open (resp, fuzzy
semiopen, fuzzy Sg-open) cover of A has a finite subcover for A.
Definition 2-11. A fuzzy subset B of a fts X is said to be fuzzy Sg-
compact if B is fuzzy Sg-compact as a fuzzy subspace of X.
Definition 2-12. A fuzzy subset B of a fts X is said to be fuzzy Sg-
compact relative to X if, for every collection {¢; | i € J} of Sg-open
subsets of X such that B < {¢; : i € J}, there exists a finite subset Jy
of J such that B < {¢; :i € Jo}.

Theorem 2-13. Every fuzzy Sg-closed subset of a fuzzy Sg-compact
space X is fuzzy Sg-compact relative to X.

proof. Let A be fuzzy Sg-closed subset of X, then A€ is fuzzy Sg-open
in X. Let M = {G; : i € J} be a cover of A by fuzzy Sg-open sub-
sets in X, then M* = M Vv A€ is a fuzzy Sg-open cover of X, i.e.,
X = (V{G; :i € J})V A°. By hypothesis, X is fuzzy Sg-compact, hence
M* is reducible to finite cover of X, say X = G;, VG, V...V G, V AC,
G;. € M. But A and A° are disjoint, hence A G;; V G, V... VG
G;, € M. We have just shown that any fuzzy Sg-open cover M of A

im 9

contains a finite subcover, i.e., A is fuzzy Sg-compact relative to X.
Theorem 2-14.

i) A fuzzy Sg-continuous image of a fuzzy Sg-compact space is fuzzy
compact.

ii) If amap f: X — Y is fuzzy Sg-irresolute and a fuzzy subset B of X
is fuzzy Sg-compact relative to X, the image f(B) is fuzzy Sg-compact

relative to Y.
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Proof.

i) Let f: X — Y be a fuzzy Sg-continuous map from a fuzzy Sg-
compact space X onto a fts Y. Let {A; : i € J} be an fuzzy open
cover of Y. Then {f1(A;) : i € J} is a fuzzy Sg-open cover of
X. Since X is fuzzy Sg-compact, it has a finite fuzzy subcover, say
{f~1(A1),..., f71(An)}. Since f is onto {4y, ..., A, } is a fuzzy cover of
Y and so Y is fuzzy compact.

ii) Let {A; : i € J} be any collection of fuzzy Sg-open fuzzy subsets of
Y such that f(B) < V{A;:i € J}, then

B < V{fY(4;) :i € J} holds.

By hypothesis there exists a finite fuzzy subset Jy of J such that

B < V{fY(4;) :i € Jo}. Therefore, we have f(B) < V{A4; :i € Jo}
which shows that f(B) is fuzzy Sg-compact relative to Y.
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A REMARK ON CYCLIC VECTORS OF BERGMAN,
HARDY AND DIRICHLET SPACES OF FINITELY
CONNECTED DOMAINS
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ABSTRACT. Let G be a finitely connected domain in the complex
plane C, and K1, -- Ky be the bounded components of C\G such
that at least one K; has a nonempty interior.

In this note, we show that if f € H*(Go), where Go = GU K1 U
-+ U Kp then f is not a cyclic vector for H*(Go) in the weighted
Bergman space LP(G,wdm),1 < p < oo, where w is a positive
continuous function in L'(G), the Hardy space HP(G),(1 < p <
00), and the Dirichlet space D(G). In particular, in this case, the
polynomials are not dense in LE(G,wdm), H?(G),(1 < p < ),
and D(G).

1. INTRODUCTION

Let G be a domain in the complex plane C. An analytic function f
in G belongs to the weighted Bergman space L5 (G, wdm),1 < p < oo if

Jo | fPwdm < oo, where m is the area measure on C. In [5], it is shown

! AMS subject classification. Primary 46E15, 46E20; Secondary 47B38
Keywords and phrases : Bergman space, Hardy space, Dirichlet space, finitely con-
nected domains, cyclic vectors.
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that if w is a positive continuous function in L!(G) then L% (G, wdm)(1 <
p < 00) is a Banach space.

The Hardy space HP(G) consists of all analytic functions f defined on
G such that there is a harmonic function u : G — [0, +00) with |f|? < u
on G. It is well known that HP(G)(1 < p < o0) is a Banach space. Also,
the Dirichlet space D(G) is the Hilbert space of functions f analytic in
G whose derivative f’ lies in L2(G,dm), [9, 10].

Let H*°(G) denote the space of bounded analytic functions on G
with the supremum norm. Clearly H*(G) is a subset of LE(G,wdm)
and HP(G). Suppose G is a finitely connected domain in the complex
plane C and Kj,---, Ky are the bounded components of C\G. Put
Go =GUK U---UKy. A function f in LE(G,wdm) (or HP(GQ)) is
cyclic for H*(Gy), if the vector subspace {¢f : ¢ € H>®(Gp)} is dense
in LL(G,wdm) (or HP(@)). Also a function f in D(G) is cyclic for
H>(Gy) N D(G) if the vector subspace {¢f : ¢ € H*(Gy) N D(G)} N
D(G) is dense in D(G).

Main Result

Theorem. Suppose G is a finitely connected domain in the complex
plane C and Kj,---, Ky are the bounded components of C\G such
that at least one K; has a nonempty interior. If f € H®(Gq) then
f is not a cyclic vector for H*(Gy) in the weighted Bergman space
LE(G,wdm),1 < p < oo, where w is a positive continuous function in
LY(G), the Hardy space HP(G),1 < p < oo, and the Dirichlet space
D(G).

Proof. We only prove the theorem for the weighted Bergman space
LA (G, wdm). The proofs for the Hardy and Dirichlet spaces are similar.

On the contrary, suppose f € H*(Gy) is a cyclic vector for H*(Gy)
in LE(G,wdm). Let ¢ € H*(G) C LE(G,wdm) [for Dirichlet space let
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w € H>*(G) N D(G)]. So there exists a sequence {yy} in H>*(Gy) such
that ¢, f — ¢ in LE(G,wdm). Therefore, ¢, f converges uniformly on
compact subsets of G [5, lemma 2]. We can choose a closed rectifiable
curve v in G such that K; C Intvy,i = 1,--- N, where Int~y is the interior
points of v. Now, by Cauchy’s Integral formula,
o)) = o2 (2)| < [ (2 =m0,
gl

w—z

ze K1U...UKpy.

Since {pn f} converges uniformly on ~, it is uniformly Cauchy on K U
... U K. Therefore, it is uniformly convergent on compact subsets of
Go. Let 1 be the limit of {p, f}. In fact, 9 is the analytic extension of
p on Gy. By the maximum modulus Theorem,

sup [¢(z)| = sup [p(z)| < oo.
z€Go zeG

Without loss of generality, suppose IntK; is nonempty. Choose z; in

IntK, and put g(z) = —~—. It is obvious that g(z) € H>®(G), but does

z—z1"

not have any analytic extension on GGy. This contradiction shows that
f is not a cyclic vector for L5 (G, wdm).O

Corollary 1. Suppose G is a finitely connected domain in the com-
plex plane C and Ki,---, Ky are the bounded components of C\G
such that at least one K; has a nonempty interior. If Go = G U K; U
-+ U Ky, then H*(Gy) is not dense in the weighted Bergman space
LE(G,wdm), (1 < p < o0), where w is a positive continuous function in
LY(G), and the Hardy space HP(G)(1 < p < 00). Also H*®(Gy) N D(G)
is not dense in the Dirichlet space D(G).

Proof. Put f =1, the constant function, in the theorem. O

Remark. It follows from [10, Proposition 12] that H*(G) N D(G) is
dense in D(G).
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Density of polynomials in H?(G) for crescents G have been inves-
tigated in [1,2,3]. Also [4] contains results about cyclic vectors for the
Hardy operators. Moreover it is an old problem that for which w and for
which G, the polynomials or rational functions are dense in LL(G, wdm)
or not [6, 7, 8, 11, 12]. The following corollary, follows immediately from
the theorem.

Corollary 2. Suppose G is a finitely connected domain in the com-
plex plane C and K71, - -- , Ky are the bounded components of C\G such
that at least one K; has a nonempty interior. Then the polynomials are
not dense in the weighted Bergman space L5 (G,wdm), (1 < p < o0),
where w is a positive continuous function in L!(G), the Hardy space

HP(G), (1 < p < 00), and the Dirichlet space D(G). O
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ABSTRACT. In this short note, we have given a short proof for the
existence of the Haar measure on commutative locally compact hy-
pergroups based on functional analysis methods by using Markov-

Kakutani fixed point theorem.

1. INTRODUCTION

A fundamental open question about hypergroups is the existence of
Haar measure for any hypergroup. If a hypergroup K is compact or
discrete, then K possesses a Haar measure. All known examples have a
Haar measure [6, §5]. Spector in [11] claims that any commutative hy-
pergroup possesses a Haar measure but as Ross in [9] mentioned there are
several technical problems in his proof. Ross in [9] has given a lengthy
proof for existence of Haar measure on commutative hypergroups. Re-
cently Izzo in [5] has given a short proof of the existence of Haar measure
on a commutative locally compact group by using the Markov-Kakutani
fixed-point theorem [1, pp. 155-156]. Based on his idea, we give a short
proof of the existence of Haar measure on commutative hypergroups.
For the reader’s convenience, we include the Markov-Kakutani fixed
point theorem. Let S be a compact convex subset of a Hausdorff topo-

logical vector space and F be a commutative family of continuous affine
31
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mappings of § into S. Then there exists p € S such that A(p) = p for
all A € F (for a proof see [1]).

Note 1.1. For a vector space X, let X# be the space of all linear func-
tionals on X with the weak topology induced by X. Then, if C is a
closed subset of X# such that the set {Ax : A € C} is bounded, for any
x € X, then C is compact (see [3, PP. 423-424]).

Lemma 1.2. Let K be a hypergroup and U a symmetric neighborhood
of the identity e € K. Then there exists a subset M of K such that for
any finite subset {g1,92, - gn} of K, the set g1 x ga % -+ x g x U x U
contains at least one element of M and the set g1 *ga*- - -xgn*xU contains

at most one element of M.

Proof: Let

A={T C K : for any p # q € T,there is a finite subset{g1, g2, -+ ,gn}

v

of K suchthat pgqgxAx A where A:U*g“n*---*gul}.

Then A is non-empty and any chain {7, },cs in A has an upper bound
UaerTw- So by Zorn’s Lemma A has a maximal element M. By using
[6, 4.1A, 4.1B], we have M N g+ U « U # (). Now for {g1,92, - ,gn} an

arbitrary finite subset of K, we have
MNgxgek-xgyxUxU=MN(Upegyrgysign @ * U xU) =
Uzegiegassgn (M Nz xU xU) # 0.
To show that M intersects g1,92,- - ,gn * U at most at one point, let
there are s; and ss in M that s; # s9 and s; € g1 % go * -+ x g, * U for

i = 1,2. Then by using [6, 4.1A, 4.1B] we have s1 € s9 * A * A, where
Ais U % g * - -+ % go and this contradicts M € A. So the proof of the
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Lemma is complete. O

Theorem 1.3. FEvery commutative hypergroup K has a left Haar mea-

sure.

Proof: Let Coo(K)* be the space of all linear functionals on Coo(K).
We consider on Cyo(K)# the weak topology generated by Coo(K). Tt
is clear that if there exists a A € Cpo(K)# such that f(A) = 0 for all
f € Cy(K), then A = 0. So Coo(K)# with this topology is a locally
convex space (see[4, P. 50]) . Let U be a fixed symmetric neighborhood
of the identity e € K with compact closure. Let S be the set of all
positive linear functionals A on Cpyo(K) that satisfy the following two
conditions:

(i) A(f) <1 whenever f<1in C’SE](K) and sptf C aj xag * -+ %

a, *x U for some finite subset {a1, a9, - ,a,} in K,
(ii) A(f)>1 whenever f<1inCyy(K)and f=1o0naj*ag#--*

ar x U % U for some finite subset {aj,as, -+ ,a,} in K.

Then one can easily check that S is closed and convex. Moreover, any
f € Cfy(K) can be written as a finite sum of non-negative continuous
functions, each of which has support in a * U for some a € K. To see
this, let sptf = C, (compact set). Then C' C Uj<j<y a; * U for some
a; € K, 1 < i < n. By the partition of unity on compact sets, there
are h; € Cgh(K) such that 0 < % < 1 on C. That is for any = € C,
0 < hi(z) < f(z) and hy(z) + ha(z)+ -+ -+ hp(z) = f(x). Now it follows
from (i) that the set {A(f) : A € S} is bounded. So by Note 1.1, S is
compact.

To see S is non-empty, let M be as in Lemma 1. Put A(f) = > .car f(5),
then A € S. Indeed, if f € CBB(K) and f <1 with sptf Caqy *ag*---*
an * U for some a; € K, 1 <14 < n, then by Lemma 1, M intersects
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aj *ag* - -*ap+U at most at one point. Hence A(f) < 1. If f € Cfy(K)
and f =1onay*xag*---*xap,*xU*xU for some a; € K, 1<1i<mn,then
again by Lemma 1, M intersects aq xag *---*xa, * U x U at least at one
point. So A(f) > 1.

For each x € K, let T}, : Coo(K)# — Coo(K)¥ is defined by T,A(f) =
A(zf) for f € Cpo(K). Then it is easy to see that T is affine and
T.(S) C S. Indeed, let A € S. If f € CiH(K) and f < 1 with sptf C
a1 *ag % -+ % ayp * U for some a; € K, 1<1i<mn,then ,f € C&B(K)
(see [6, 4.2E]) and ,f < 1 with spt(,f) C T *aj*ag*---*a,*U. So by
(i) AL <LIUfeClH(K)and f=1ona;*ag*- - *ap*UxU
for some a; € K, 1 < i < n, then ,f € CSFO(K) and ,f = 1 on
Txap*xag*---xap*UxU. Soby (ii), A(zf)>1.

Also T, is continuous, since if limy, A, = A in S, then for any f €

Coo(K),
1 T, Aa (/) = ToA(S)] = 1 [Aa o) = AeS)] = 0.
Moreover for z,y € K,
Tp(TyA) = Tpuy A = Tyu A = T (T, A)

for any A € Coo(K)#. This shows that the family F = {T}, : = € K}
and S (as above) have all properties in Markov-Kakutani fixed-point
theorem. So there exists Ag € S such that T, Ag = Ag for all z € K. In

another words
T.(Aof) = Ao(of) = Ao(f) forall a€ K and f € Cy(K).

Now since all elements of S are non-zero positive linear functionals on

Coo(K), by [6, §5.2] the proof is complete. O
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Remark 1.4. Can the above proof be modified to show that every
amenable hypergroup has a left Haar measure, using Day’s generaliza-
tion of Markov-Kakutani fixed-point theorem [2, Theorem 1] (see also
[7, Theorem 4.2])7

(For an extension to hypergroups see [10, Theorem 3.3.1].)

It is attempted such modification, but there is a problem in the conti-

nuity of action of hypergroup K on S (Page 33) defined by
(x,A) — T,A where T, A(f)=A(,f) for feCop(K) (Page 34).
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ABSTRACT. Let 21 be a Banach algebra and 20** be the second
dual of 2{. Tow Arens multiplications on A** are indicated by
(2**,0) and (A", <). In this paper, we study amenability and weak
amenability on the second dual of 20** with two Arens multiplica-
tions. First, we investigate the links between amenability and Arens
regularity such that amenability of 2** implies the Arens regularity
of 2. Also, we study, with some conditions on a Banach algebra
of 2L, which ensure that (2**,0) is amenable (weakly amenable) if

and only if (A**, <) is amenable (weakly amenable).

1. INTRODUCTION.

Let 2 be a Banach algebra and let X be a Banach 2l-bimodule. Thus
there are bilinear maps (a,z) — a.z and (a,z) — z.a from A x X
into X such that, for a,b € A, z € X, (ab).x) = a.(b.x), z.(ab) = (x.a).b,
a.(z.b) = (a.x).b and

la-zll < flallllzll, llz-all < {l]]la]-

12000 Mathematics Subject Classification: Primary 46H20, Secondary 43A20.
Key words and phrases: amenability, weakly amenability, Arens regularity second

dual.
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If X is a Banach 2-bimodule, then the dual space X* is a Banach 2I-
bimodule with the actions defined by the following way:

For a in 2,z in X, and z* in X*,
* * * *
<ax'xr>=<z',r.a><zaxr>=<z,0.2>.

Let A" be the dual space of 2. For f € A*, a € A, we denote fa and af
the elements of 2A* by

< fa,b>=< f,ab >, < af,b>=< f,ba >

where, <, > is used the dual pairing between elements of 24* and 2A. A

derivation into an 2-bimodule X is a linear map D;2d — X such that
D(ab) = a.D(b) + D(a).b (a,b e A).

If z € X, define
dz(a) = a.x — x.a.

Then ¢, is a derivations into X, such derivations are called inner. The
Banach algebra 2l is amenable if, for every Banach 2(-bimodule X, every
continuous derivation D; — X* is inner. If X™* = *, we say that 2l
is weakly amenable. See ([6], Section 5).

If 2 has a bounded approximate identity then 20*2( and A" are closed
linear subspace of 2A*. As is well-known [1], the second dual 20** of A
endowed with the either Arens multiplications is a Banach algebra. The
Arens multiplications can be determined in the following way.

For m € A** and n € A**, if we regard 2| as a subspace of the second
dual 2A**, we can find bounded nets (m,) and (ng) in A with 7, — m
and ng — n, in the weak* topology o(A**,2A*) [QlA is image of 2l in
2** under the canonical mapping]. So, the first Arens multiplications

indicated by mOn is given by

mOn = w" — limw* — liénmaﬁﬁ.
(0%
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The second Arens multiplication indicated by m<n is given by
mon = w* — lién w* — lim mqng.
[

Thus, the order in which the limits are taken distinguishes between the
multiplications. Moreover, the first (resp. second) Arens multiplication
is characterized by the two properties:

(i) for each n € A*™, the mapping m — mOn (resp. m — nm) is
weak*-weak® continuous on 20**.

(ii) for each a € 2, the mapping m — aOm (resp. m — m<a) is
weak*-weak® continuous on 2**.

However, for certain n € A**, the mapping m — nOm (resp. m —
m<n) is, in general, not weak*-weak™ continuous on 2A**. Whence the
topological center of A** with respect to first and second left and right

Arens multiplication are defined by

Z1 ={m €A™ : n — mDOn is weak*-weak™ continuous}.

Zy ={m € A™ : n — nOm is weak"-weak™ continuous}.

It is clear that 2 C Z; N Zy and that Z; (1 = 1,2) is closed subalgebra
of A**.

The algebra 21 is said to be Arens regular if, for each n and m in A**,
nOm = nOm. In this case Z7 = Zy = A,

The following lemma follows easily from the definitions.

Lemma 1. Let Zy and Zs be the left and right topological centers of
A**. Then

(i) m € Zy if and only if mOn = mSn for all n € A*.

(il) m € Zy if and only if nOm = nOm for all n € A**.

Proof. We shall prove only the assertion (i), the proof of the assertion
(ii) is similar. For all n € A**, we can find a net (ny,) in 2 such that

w* — limn, = n. If m € Z; then the map n — mOn weak*-weak*
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continuous on A**. So,
mOn = w* — lim lphamOn, = w* — lim [pham<n, = mn.
a a
Conversely. Suppose that for all n € A**, mOn = m<On. So,

mOn = mOn = w* — limmon, = w* — lim mOn,,
(0% (0%

Hence, the map n — m0On is weak*-weak™ continuous, so, m € Z;. O

Corollary 2. Let 2 be a Banach algebra and n € A** such that
nOA = A On then

(i) n € Zy (resp. n € Z3) if and only if nOm = mOn (resp. nOm =
m<on) for all m € 2A**.

(i) If A is commutative then Z1 = Zs.

Proof. Suppose that m € 2** and (m,) is a net in 2 so that converges
weak® to m. So, we have

mOn = w* — ligén meOn = w* — liorén nOrn,,

= w* — lim nCri, = nOm.
«

By lemma 1, the result follows.

(ii) if 2 is commutative then nOm = m<n. O

For a Banach algebra A, the 2(°P is the algebra obtained by reversing
the order of multiplication in 2; i.e. for a,b in 2A,2A°P? has the product
“o” by

aob=ba

For m,n € A**, the first and second Arens multiplication in (20**)°P, are
indicated by mO%n = nOm, mOPn = nOm.

Theorem 3. Let A be a Banach algebra. Then, A is Arens reqular,
amenable, weakly amenable if and only if is so AP

Proof. It is clear that A = (A°P)°P. So, the proof of the converse

implication is clear.
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Let A be Arens regular and n,m in 20**. Suppose (no) (mg) be
two nets in2l which converge to n,m in the weak® topology of 20**,

respectively. We have

nOm = w* — limw* — lién(namg)
[e%
=w* —limw* — lién(mg o na)A = mon = nd%Pm
(0%
Similarly, n®m = nO°m. So, we have

(2, 0) = (%)), ©), (@A, ) = (A)™), 0)

Hence, 2A°?P is Arens regular.

Now, let 2 be amenable and X° be a Banach 2(°°-bimodule. We
define a constracture on X which shows that X is a Banach 2-bimodule.
We need some definitions:

For a,b € A and x in X
<az,b>=<z,a0b> <z.0,b>=<z,boa >
so, we have, a.x = r oa and z.a = a o x and then
a.(b.x) =a.(rob)=(xob)oa==xzo0(boa)==xo (ab) = (ab).x

Similarly, (z.b).a = z.(ba), (a.z).b = a.(z.b). So, X is a Banach 2-
bimodule. Suppose that D : A% — (X°)* is a bounded derivation.

We define A : A — X by
A(ab) = D(boa).
Hence, A is a bounded derivation; because
A(ab) = D(boa) = D(b)oa+bo D(a)
= D(a).b+a.D(b) = A(a).b+ a.A(b)
2 is amenable. So, there is f in X™* such that

Aa) =a.f — f.a
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so, we have

D(a) =A(a) = fea—aof=ao(=f)—(=f)ca

so, D is inner. Therefor, A°P is amenable.

Suppose that 2 is weakly amenable. We know that 20* is a Banach
2-bimodule in natural way, we shall also consider that (A**)* is also
2A°P-bimodule.

For a,b in A, f € A*, we know that af and fa belong to 20*. Now,

we define
<aof,b>=< fiab> < foa,b>=< f,ba > .

So, fa=aof,af = foa. If D: A — (A°)* is a bounded derivation
then A : 2l — 2A* define by

A(ab) = D(boa)

is a bounded derivation. 2[ is weakly amenable. So, A is inner. There

is a f € 2A* such that,
D(a)=af — fa forae 2

So, we have
Afa) =ao(=f) = (=f)ea.

Hence, 2A°? is weakly amenable. O

It can be wonder, if amenability is also linked to Arens regularity.
If we have amenability 20** implies Arens regularity 2, then there is
nothing to prove. So, we have the following theorem. The proof of
theorem followed the method of [3], Theorem 1.3.

Theorem 4. Let 2 be a Banach algebra such that A*™* = Z1 @1 (resp.
W = Zy & I) for a weak*-closed ideal 1. If (A**,0) (resp. (A**,<)) is

amenable then A is Arens reqular.
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Proof. We shall only give the proof of assertion (2**,0), that of
(A**, <) is very similar. Since [ is a complemented ideal in the amenable
algebra 20", it is itself amenable. So, I has a bounded approximated
identity (e;). Let E be a weak®-cluster point of (e;) in 20**. Without
loss of generality, we can assume that (e;) converges weak* to E. By

hypothesis E € I. If n € I,

EOn =w* —lime;0n = lime;0n =n

nOFE = lim(nOFE)Oe; = limnO(FEde;) = limnOe; = n
(2 (2 (2

So, E is an identity for I. For all n € A**, EOn and nOFE belong to I.
Thus, for n € A**

EOn = (EOn)0OF = EO(nOE) = nOE

By Goldstme’s Theorem, we can find (n,) in 2 converges weak™ to n.

Thus
EOn =n0F = w*—lim7,0F = w*—lim EOf, = w*—lim ECh, = EOn
(0% (0%

By the corollary 2(i), £ € Z;. Thus, E € Z; N1 = {0}. Hence E =0
and I = {0}. So, we have A™* = Z;. O

Theorem 5. Let 2 be a Banach algebra and Zy (resp. Z3) be a left
or right ideal A**. If (A**,0) (resp. (A, <)) is amenable then A is
Arens reqular.

Proof. Suppose that 2A** is amenable then 2** has a bounded ap-
proximate identity. By ([3], Lemma 1.1) 2** has an identity, say E.
Let n € 2A**. By using Goldestine’s Theorem, we can find a net (ng)
in 2 with converges weak™ to n. So, by weak*-continuous second Arens

multiplication, we have
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EOn = w* — lim EOn, = w™ — lim EOf,
(0%

=w" —limn, =n
o

Therefore, for all n € A**, FOn = EOn. By lemma 1, F € Z;. By
hypothesis, Z; is a left or right ideal of 2**, then Z; = 20**. Hence, 2 is
Arens regular. O

If 2 is a commutative Banach algebra then the following theorem has
given the links made between the amenability or weakly amenability
(2**,0) and the amenability or weakly amenability (2A**, ).

Theorem 6. Let 2 be a commutative Banach algebra. Then (A**,0)
is amenable (weakly amenable) if and only if (A**, <) is amenable (weakly
amenable).

Proof. For n € A**, m € A**, we take two nets (n,) and (mg) in 2A

which converge to n, m in the weak*-topology in 20**, respectively. Then

nOm = w* — limw* — li[rgn(namg)A
«

_ * s * _1: ~

=w hglnw hén(mﬁna)

=mon
Similarly, n&m = mOn. So, we have,
(27, 8) = (A7), 0), (A, 0) = (&™), )

From Theorem 3 the implication of this theorem also follows. O
Now, let 2 have a continuous involution. So, there is a continuous
anti-homomorphism from 2( into 2.

The following lemma plays a key role in next Theorem.
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Lemma 7. LetT : X — Y be a continuous surjective anti-homomorphism

between two Banach spaces X and Y. Then
T** . (X**’ I:l) _} ((Y**)Op’ <>)7T>k* : (X**7<>) H (('}/"**)Op7 D)

are also both continuous surjective, homomorphism
Proof. For m,n € (X**,0), by using the Goldstine’s theorem, we
can find two bounded nets (my), (ng) in X which converge to m,n in

the weak™* topology X™**. So, we have

T**(mOn) = w* — lién w* — liénT**(maDﬁg)

~

=w" —limw* — lién(T(manﬁ))

~

=w* —limw* — lién(T(ng))AD(T(ma))
=w" —limw* — lién T (ng) T (Mq)

= T (n)OT™ (m) = T** (m)OPT*(n)

Similarly, T**(m<On) = T (m)0PT** (n).

Now, we shows that T™* is surjective. If m € Y**, the Goldstine’s
theorem gives a bounded net (m,) in Y which converges to m in the
weak™® topology. By the open mapping theorem, there is a bounded net
(ng) in X with T'(n,) = mq. Suppose that n is a weak*-cluster point of

(fa) in X**. So, by weak*-weak* continuity of T**, we have

~

T (n) = w* —lmT* (ng) = w* —lim(T(ny)) = w* — limm, = m.O
(0% (0% (0%
Lemma 8. Let (X,0) and (Y, <) be Banach algebras and let T' be an
anti-homomorphism of X on to a dense subset of Y. If D:Y — Y™

is non-zero derivation then D = T*DT: X —s X* is a noon-zero

derivation:
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Proof. First we show that D is non-zero derivation. If D = 0 then

for all ,t in X,
< D(z),t >=0.
Thus,
0=<T"DT(z),t >=< DT (x),T(t) > .
So, by density T'(X) in Y, DT(X) = 0, and then, D = 0.
Now, we prove that D is a derivation. For a,b in X,
T(aOb) =T(b)OT (a)

suppose x € X. We have

< D(a0b),x > =< T*DT(a0b), x

=< D(T ()T (a)), T(z) >
=< DT(b)¢T(a) + T(b)ODT(a), T(z) >
=< DT(b)OT(a),T(z) > + < T(b)©DT(a), T(x) >
=< DT(b),T(a)OT(x) >+ < DT'(a),T(x)OT'(b) >
=< DT (b), T(z0a) >+ < DT (a), T (b0Ox) >
=<T*DT(b),z0a > + < T*DT(a), b0z >
=< aO0D(b),z > + < D(a)0b,z >

=< a0D(b) + D(a)0b,z > .

Thus,
D(a0b) = D(a)0b + a0D(b)
we conclude that D is a derivation O

Lemma 9. Let 2 be a dense subset in the Banach algebra of B. Then

A** js w*-dense in B**.
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Proof. Suppose that n € B**. Then n = w* — lim, 1y, for some a
net (ng) in B. Since, A is dense in B, there is a net (M, g))p in ™A such

that

h[l;n m(aﬁ) = Ng

Now, for each open neighborhood U of n,, there is a(U) such that for
each 8 > a(U), we have

M(a,p) eU

Turn the family (m(q,g.)) into a net by directing the index set in the

obvious way. Then mq g, € 2 and

=n
(ovB.u) )

a7ﬁ7u

Hence, 0** is w*-dense in B**. O

Theorem 10. Let 2 be a Banach algebra and T : %A — A be con-
tinuous an anti-homomorphism.

(i) If the range T is dense in 2 then (A**,0) is amenable if and only
if (A**,0) is amenable.

(ii) If TT(x) = x then (A**,0) is weakly amenable if and only if
(A, ) is weakly amenable.

Proof. (i). Suppose that T** is second adjoint of T'. So, T** is weak*-

weak™® continuous and by Lemma 7,

and T** is a continuous homomorphism. By the Lemma 9, the rang
of T** is weak* dense in ™. We conclude from ([6], Theorem 5.3),
(*,0) [resp. (2A**,<)] is amenable if and only if ((2A**)P, <) [resp.
((A**)°P 0O) is so. By Theorem 3, (A**, <) [resp. (A**,0)] is amenable.
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Suppose that (2", 0) is weakly amenable. By Theorem 3, ((2(**)°P, 0)
is weakly amenable. It is clear that
(((A)7)", 0) = (), 0)
(((A))", 0) = ((A), )
Because, if & € 2A™* and m € A** then; mOPE¢ € ((A**)°P,0) if and

only if £0m € (A***,0) if and only if mO%PE € (((A**)°P)*, O).
Now, let D be a derivation from (20**, <) into (2A***,<). Then

(&, )

(Q[***’ <>)

T** T***

(&), ) ((()oP)*, ) = ()%, O)

By lemma 8, we conclude that D = T**DT** is a derivation from
((**)°P O) into (((A)**)°P)*,O). By ((A**)°P,0) is amenable. So, there
is & € ((A*)P)* = (A™*)°P such that for all n € ((A**)°P,0O)

D(n) = nO%¢ — €00 = £0n — nOE

Since, TT = I. We have T**T** = [** T*T* — [** Ifn € (A™,O)
then T**(n) € ((A**)°P,0), T**T**(n) € (A**,<). Also,

D(n) € (A7, 0), T (D(n)) € (™), 0),

we claim that,

(I) TT(E0T™(n)) = nOT™(€)
(1) T=H(T™(n)BE) = T (§)On
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we prove (I), it is routine to check that (II). For m € (2A**, <)

<T™H(ERT™(n)), m > =< 0T (n), T (m) >
—< &, T (n)OT*(m) >
=< &,T"(mon) >
=< T (&), mOn >

=< nOT** (&), m >
Hence, we have (1). Now, suppose that n € (24**, <) So,

YRR e ————
— 7 (DT (n))
— T (€07 (n) — T (n) )
— T (€0T™ (n)) — T**(T**(n)0¢)
— nOT™ (&) = T ()On

So, D is inner. Thus (20**, <) weakly amenable The converse is similar.
a

Corollary 11. Let 2 be a Banach algebra with continuous involution
then (A**,0) is amenable (weakly amenable) if and only if (A*, <) is

amenable (weakly amenable).
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SUBLINEAR FUNCTION ON TOPOLOGICAL GROUPS
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ABSTRACT. In this article, sublinear functions of R" are generalized
to topological groups and their relations are inspected with convex
functions. These functions are generalization of homomorphism

too, along the above notable objects are mentioned.

1. INTRODUCTION

A linear function T from R™ to R or a linear form on R" is primarily
defined as a function satisfying for all (z1,22) € R" x R™ and (t1,t2) €
Rx R

T(tl.%'l + tgxg) = tlT(.%'l) + th(xg) (1)

A corresponding definition for a sublinear function f from R" into R is:

for all (1‘1,1‘2) € R™ x R™ and (tl,tg) € Rt xRt

f(tizy 4 toxg) <ty f(xy) + tof(22) (2)

Definition 1. A function f : R™ — (—o00,+00] is said to be sublinear if

it is convex and positively homogeneous (of degree 1): i.e. f € conv(R")

11991 Mathematics Subjects Classification. 26A51, 22A10
key words and phrases. sublinear-positively homogeneous.
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and
f(tx) =tf(x) for all z € R" and ¢ > 0. (3)

Remark 2. Inequality in (3) would be enough to define positive homo-

geneity: a function f is positivety homogeneous if and only if it satisfies
fltz) <tf(x) forall z € R" and t >0 (4)
In fact (4) implies (tx € R™ and t~! > 0)

fla) = f(t7 ) <t f(ta)

which together with (4) shows that f is positively homogeneous. The
following result is a geometrical characterization of sublinear functions.
Proposition 3. A function f: R™ — (—o0, 0] is sublinear if and only
if its epigraph epi(f) is a nonempety conver cone in R™ x R.

Proposition 4. A function f: R™ — (—o00,00] not identically equal to

o0, 1§ sublinear if and only if one of the following two properties holds:

f(tlxl + tzxg) < tlf(SCl) + tzf(xg) for all z1,z9 € R"™ and t1,t2 > 0
(5)
or f is positively homogeneous and subadditive.

Corollary 5. If f is sublinear then
f(z)+ f(—z) >0 for all x € R". (6)

Proposition 6. Let f be sublinear and suppose that there exist x1, X2, ..., Tm

in Dy such that
f@y)+ f(=wj) =0 for j=1,2,...m Q

then f is linear on the subspace spanned by x1,To, ..., Ty .
Definition 7. Let S be a nonempty set in R"™ the function fs; : R" —
(—00, 0] defined by

fs(z) = sup{< s,z >;s € S}
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is called the support functions of S.

Proposition 8. A support function is sublinear.

2. SUBLINEAR FUNCTION ON GROUPS

In this section, some properties of subadditivity and sublinearity func-
tions will be inspected which are shown in the introduction on topolog-
ical groups.[1]

Definition 1. Let G be a group and () is an open set. A function
f:Q — (—o0,00] is subadditive if for all z1,z9 € 2 such that x1x9 € €,

f(z1z2) < f(21) + f(22) (8)

and f is midhomogeneity, if for all @ €  such that a2 in Q,

f(a®) = 2f(a) (9)

the f is midsublinear if is subadditive and midhomogeneity.
Remark. Rgarding to (9) by induction we show that f(22") = 2" f(x)
when z, 22,24, ..., 22" € Q. Let m be an integer then an integer n exist

such that m < 2" thus,
2"f(z) = f(«®") = f(a™a® ™)
< f@™) + f(@*T) < f@™) + (2" —m) f(x)

mf(x) < f(z™)

on the other hand f(z™) < mf(x) therefore mf(x) = f(z™). In addi-

tion, if G has square root property [1], [2] (i.e. for all a € G there exist

b € G such that b?> = a. For example Gl(n; C) has square root property.)

hence for all z € G and n € N there exist a y € G such that y*" = z
thus we define y = 2'/2" since f(z) = f(y*") = 2" f(y) therefore

1

f@?") = = f(z), and f(a™/*") =

on
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If G is rootapproximable then for all ¢ > 0 there exists a sequence {g;}
of the form ¢; = sz such that ¢; — ¢t.We define xt = limi_oor®. If f

is midsublinear and continuous function then

(') = lim oo f(2%) = lim;ooqif () = tf(2).

Definition 2. A function f : @ — (—o00, o] is sublinear if is midsub-
linear and continuous on §2.

Proposition 3. Let G be a rootapproximable,abelian group, and ) is an
open set in G, f : Q — (—o0,00] midconver and midhomogeneity then
f is midsublinear.

Proof. It’s sufficient to show that f is subadditive,

PV <opy s =2 MW ) 1)

Since f(e) = f(2e) = 2f(e) thus f(e) =0 or f(e) = oo hence 0 < f(e) =
flxx™) < f(z) + f(x~h). If f(e) = 0, define H = {z;2 € G, f(z) +
f(xz71) = 0} then H < G because, if 2,y € H then f(z) + f(z71) =
f)+fly=) =0

flz+y) =2f(

0< flay™ )+ flmy )™ = flay™) + flya™)

<SF@)+ I+ + fa7h) =0
therefore f(zy~!) + f((xy~1)~!) =0 and then zy~! € H.

Hence the following results:

Proposition 4. suppose f : G — (—o0, 00| is midsublinear function
and f(e) =0, then H = {x; f(z) + f(z~1) = 0} is sublinear of G.
Corollary. If f : G — R is midsublinear and H is above subgroup, then
we have for all x,y € H, f(xy) = f(z) + f(y).

Because £(y) = f(yra ) < f(yz) + f(a~Y) = f(yz) — f(x) and hence
f on H is linear.

Proposition 5. If f : G — R be a midsublinear, such that H = {e},
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define ||z||; := Max{f(z), f(x™1)} then ||.||; has the following proper-
ties:

i) ||z||f >0 for all x in G

@) ||lz||f =0iff v =e

i) ||zt = |t| ||z||f (In the case G is rootapprozimable and f sublin-
ear.)

i) loylly < llelly + Nyl

Remark. If G is abelian group, then tr and x + y substitute with

and xy respectively.

Proof.
||z = Max{f(z"), f(z™")} =
Max{tf(z),tf(z~ 1)} if t >0
Max{—tf(z™1), —tf(z)} if t <0
therefore

llaylly = Max{f(zy), f(y~'a~")} < Max{f(2) + f(y), f(a™") + fly™)}

< Max{f(x), f(z7")} + Max{f(y), f(y~")} = lllls +[lylls.

Proposition 6. Let {¢,} be the collection of midsublinear (res. sub-
linear) function on G then ¢ = supy, is midsublinear (res. sublinear)
function on G.

Proof. Since for all a, pa(zy) < @o(z) + ©a(y) < @(z) + ¢(y) thus
p(zy) < (z) + ¢(y) and pq(2") = twa(z) hence p(a') = ty(z).
Example. Suppose that G = Gl(n; C) ¢(A) = log|det(A)| then p(AB)
©(A) + ¢(B) and p(A?) = qp(A) for all ¢ € QT since ¢ is continuous

therefore p(A!) = tp(A) for all t > 0 [2] hence ¢ is linear function.
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ABSTRACT. Weakly-Chebyshev subspaces of a Banach space X are
defined as those in which the set of best approximants of any vector
xz in X is non-empty and weakly compact. Moreover, it is shown
that there exists a proximinal subspace G of X which is weakly-
Chebyshev, but is not quasi-Chebyshev in X. Also, some other

related results are presented.

1. INTRODUCTION AND PRELIMINARIES

Let X be a (complex or real) Banach space and let G be a linear

subspace of X. A point yg € G is said to be a best approximation for

rze X if

[ = yoll = d(z, G) = nf{[lz —y| - y € G}.

If each x € X has at least one best approximation in G, then G is
called a proximinal subspace of X. If each x € X has a unique best

approximation in G, then G is called a Chebyshev subspace of X. For

z € X, put

Po(z) ={y € G:|lz —yll = d(z, G)},
57
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and
G=P;'0) ={z € X: |z =d(z,q)}.

It is clear that Pg(z) is a closed, bounded and convex subset of X. For

an arbitrary non-empty convex set A in X we shall denote by
U(A)={azx+(1—a)y:z,y € A is scalar}

the linear manifold spanned by A. For every fixed y € A the set ¢(A) —
y={x—y:x € l(A)} is a linear subspace of X satisfying /(A —y) =
¢(A) —y. The dimension of A is defined by dimA = dimf(A). Then, for

every y € A we have
dimA = diml(A) = dim[l(A) — y] = diml(A —y) = dim(A — y).

(For more details see [10].)

We say that G is a pseudo-Chebyshev subspace of X if Pg(z) is a
non-empty and finite-dimensional set in X for every x € X.

We say that G is a quasi-Chebyshev subspace of X if Pg(x) is a non-
empty and compact set in X for every z € X. Every pseudo-Chebyshev
subspace is quasi-Chebyshev, but the converse is not true (see [4]). The
properties of pseudo-Chebyshev and quasi-Chebyshev subspaces have
investigated in [4], [5], [6], [7] and [9].

In the following we give a definition which extends the definition of
quasi-Chebyshev subspace.

1.1. Definition. Let X be a Banach space. A linear subspace G of X
is called weakly-Chebyshev if Pg(x) is non-empty and weakly compact
set in X for every z € X.

It is clear that every quasi-Chebyshev subspace is weakly-Chebyshev.
In the following we shall give an example in which the converse is not

true.
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Let X™* be the dual space of the Banach space X. For 0 # f € X*,

put
My ={x e X : f(z) = |f], [zl = 1}.

We say that a Banach space X is quasi-strictly convex if for every
0 # f € X* the set My is compact (see [7]). Every k-strictly convex
Banach space is quasi-strictly convex (k =1,2,...).

We recall that for a topological space Y one denotes by 2 the col-
lection of all bounded closed subsets of Y. A mapping U : X — 2 is

called upper semi-continuous (u.s.c.) if the set
{reX :U(x)c M}
is open for every open subset M of Y, or the set
{xe X :U(x)NN # 0}

is closed for every closed subset N of Y. (For more details see [10].)

It is clear that Pg is upper semi-continuous if and only if for every
closed subset A of G the set A + G is closed, or if and only if for every
closed subset A of G the set G + A is closed (see [2]).

We conclude this section by a list of known lemmas needed in the
proof of the main results.

1.2. Lemma ([9,10]). Let X be a normed linear space, G be a linear
subspace of X,z € X\G and F be a subset of G. Then F is a subset of
Pq(z) if and only if there exists f € X* such that ||f|| =1, fl¢ =0 and
flx —y) = llx—yll for every y € F.

1.3. Lemma ([4]). Let X be a Banach space and let G be a proziminal
subspace of X with codimension one, then the following are equivalent:

1) G is quasi-Chebyshev in X.

2) Each sequence {ypn}n>1 in X with ||ly,|| =1 and 0 € Pg(yn) (n =

1,2,...) has a convergent subsequence.
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1.4. Lemma ([4]). Let X be a Banach space and let G be a proziminal
subspace of X. Then the following are equivalent:

1) G is quasi-Chebyshev in X.

2) In every linear subspace Y, C X (v € X\G) of the form Y, =
G & (z) each sequence {yn}n>1 in Yy with ||yy|| = 1 and 0 € Pg(yn)
(n=1,2,...) has a convergent subsequence.

1.5. Lemma ([7]). Let X be a Banach space. Then all closed linear
subspaces of X are quasi-Chebyshev if and only if X is reflexive and

quasi-strictly convex.

2. CHARACTERIZATIONS OF WEAKLY-CHEBYSHEV SUBSPACES

In this section we shall give a characterization of weakly-Chebyshev
subspaces in Banach spaces.

2.1. Theorem. Let X be a Banach space, then all closed linear
subspaces of X are weakly-Chebyshev if and only if X is reflexive.

Proof. Suppose that all closed linear subspaces of X are weakly-
Chebyshev, then all closed linear subspaces of X are proximinal, and
hence by [5; Corollary 2.4] X is reflexive.

Conversely, assume that X is reflexive and G is any closed linear
subspace of X. Then Sx the unit ball of X and hence rSx = {x € X :
||z|| < r} is weakly compact for every r > 0.

Let z € X\G. Since Pg(z) is a bounded set, therefore there exists
r > 0 such that Pg(z) C rSx. But Pg(x) is weakly closed because it is
closed and convex. Then Pg(z) is weakly compact. It follows that G is
a weakly-Chebyshev subspace of X.m

We know that every quasi-Chebyshev subspace of X is weakly-Chebyshev
subspace of X. The following example shows that there exists a weakly-

Chebyshev subspace of a Banach space X which is not quasi-Chebyshev.
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2.2. Example. Let W = ¢? with the basis {en}n>1 and let Wy = £°°.
Put, X = W & Wy and define a norm on X by

[+ yll = max{|[z[lz, [|y[loo },

for all x € W and all y € Wj.
It is clear that || - || is a norm on X, and X is a Banach space with

respect to this norm. It is not difficult to show that

Py (y) = {z e W:[lz]2 < llyll},

for every y € Wy. Let z € X, z = z 4+ y, where x € W and y € Wj.
Since z € W, Pw(z) = Pw(y) + =. It follows that Py (z) # 0 for all
z € X, and hence W is a proximinal subspace of X.

Since W is a reflexive subspace of X, it follows that W is weakly-
Chebyshev.

Now, we show that W is not quasi-Chebyshev subspace of X. Let
y ={(—1)"}n>1. Then, we have y € Wy and

Py (y) ={z e W:[lz]z <1} = Sw

where Sy is the unit ball of W, and hence Py (y) is not compact because
W is reflexive. Therefore, W is not quasi-chebyshev in X.

The following Theorem shows that in a reflexive Banach space which
is not quasi-strictly convex, there exists a closed linear subspace of X
which is weakly-Chebyshev but is not quasi-Chebyshev.

2.3. Theorem. Suppose X is a reflexive Banach space, but is not
quasi-strictly convex. Then there exists a subspace of X which is weakly-
Chebyshev, but is not quasi- Chebysheuv.

Proof. Since X is not quasi-strictly convex, there exists 0 # fy € X*

such that My, is not compact. It follows that there exists a sequence
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{yYn}n>1 in X without a convergent subsequence such that

folyn) = [lfolland lynll =1, (n=1,2,...).

Put, Gy = ker fy. Then Gy is a closed linear subspace of X. Let g = y1,

gn =20 —Ynt1 (n=1,2,...)and f = ﬁ, then {gy, }n>1 is a sequence
0

in Go, f € X*, ||fl =1, fle, =0 and

f(@o = gn) = f(x0) = [lzoll = llzo = gnll, (n=1,2,...).

By Lemma 1.2, {gy, }»>1 is a sequence in Pg,(x¢) without a convergent
subsequence. Therefore, Gy is not quasi-Chebyshev. But, X is reflexive
and hence by Theorem 2.1, Gq is weakly-Chebyshev.m

2.4. Theorem. Let X be a Banach space and let G be a proximinal
subspace of X. If My is weakly compact for every 0 # f € G*, then G
is weakly-Chebyshev in X.

Proof. Let x € X\G and {gp, }»>1 be an arbitrary sequence in Pg(z).
Then, by Lemma 1.2, there exists fy € X*, || foll = 1, fol¢ = 0 and
fo@ = gn) = llz = gnll (n=1,2,...).

Let , = x — g, (n = 1,2,...), then fo(x,) = ||zn] = fo(z) for all
n > 1. Put

Tn Tn

2 = =
"l fol@)
Then {z,}n>1 is a sequence in My, ||z,]| =1 and fo(z,) =1 = || fol|-

, (n=1,2,...).

Since My, is weakly compact, hence there exists a weakly-convergent
subsequence {z,, }x>1 of {2,}n>1 such that z,, 2oz € My,. There-
fore, we have zy, 5 20 fo(z) and hence Gny L x — 20fo(x) €G.

Now, we show that gy = = — 20fo(z) € Pg(z). To do this, we have
folx = go) = fo(zofo(z)) = fo(z) and we also have

[l = goll = llz0.fo(@)[| = | fo(2)l|20]| = fo(=).
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Therefore, fo(z — go) = [z — goll, [[foll = 1 and fol[¢ = 0. Hence,
by Lemma 1.2, go € Pg(x). It follows that {g,},>1 have a weakly-
convergent subsquence in Pg(x). Thus, G is weakly-Chebyshev in X.m

2.5. Theorem. Let X be a Banach space and let G be a proximinal
subspace of X with codimension one. Then the following are equivalent:

1) G is weakly-Chebyshev in X .

2) Each sequence {ypn}n>1 in X with ||ly,|| =1 and 0 € Pg(yn) (n =
1,2,... ) has a weakly-convergent subsequence.

3) My is weakly compact for every 0 # f € G+.

Proof. 1)= 2). Assume that G is weakly-Chebyshev in X, {y, }n>1
is any sequence in X with |ly,|| =1 and 0 € Pg(yy). Since codimG = 1,
there exists xg € X such that X = G @ (xg). Therefore, there exist
a sequence {zp}n>1 in G and a sequence {8, },>1 of scalars (note that

Bn # 0 for all n=1,2,...) such that
yn:zn+,8nx0, (n:1,2,)

Now, we have

1 1

d(on, G) = d(EyTL - Ezna G)
1
- d -5 Yno ny
(By G) = Iﬁnl d(iyn, G)
- |ﬁn|uynrr W (%)
and
20 + o 2nll = lyml] =
LR TR L N

1
for all n > 1. It follows that {—B—zn}nzl is a sequence in Pg(zg). Since
n

Pg(zo) is weakly compact, {—2zy}n>1 has a weakly-convergent subse-

n
quence. Also, it follows from (x) that {8,}n>1 is a bounded sequence
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of scalars. Hence {z,},>1 has a weakly-convergent subsequence. Thus,
{yn}n>1 has a weakly-convergent subsequence in X.

2)= 3). Suppose 0 # f € G+ and {y, }n>1 is an arbitrary sequence
in My. Then we have

fyn) =11 and |yl =1, (n=1,2,...).

Let fo = %H It follows that fo € X*, || foll = 1, fol¢ = 0 and
fo(yn) =1 = |lyn| for allm =1,2,.... Then, by Lemma 1.2, 0 € Pg(yy)
and [|y,|| =1 (n=1,2,...). Now, by hypothesis, {y }n>1 has a weakly-
convergent subsequence in X. That is, there exists {yn, }x>1 such that
Yng 5 yp € X. Since M  is closed and convex, M} is weakly closed and
hence yg € My. Then, My is weakly compact.

3)= 1). This is a consequence of Theorem 2.5.m

2.6. Theorem. Let X be a Banach space and let G be a proximinal
subspace of X. Then the following are equivalent:

1) G is weakly-Chebyshev in X .

2) For every x € X\G and every f € X* there exists yo € Pg(x) such
that |f(y)| < |£(yo)| for all y € Po(a).

3) There do not exist f € X*, z9g € X and a sequence {x,}n>1 in
X without a weakly convergent subsequence and with xg — x, € G (n =
1,2,...) such that ||f|| =1, fla =0 and f(x,) = |za]|, n=10,1,2,....

4) There do not exist f € X*, xg € X and a sequence {gn}n>1 in
G without a weakly convergent subsequence such that ||f|| =1, fla =0
and f(zo) = |lzo| = llwo — gull, n=1,2,....

Proof. By Jame’s Theorem ([3]), (1) and (2) are equivalent. If we
replace compactness by weakly compactness and convergence by weakly
convergence in the proof [7; Theorem 2.5], then (1), (3) and (4) are

equivalent.m
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3. QUASI-CHEBYSHEV SUBSPACES

In this section we characterize the relation between upper semi-continuity
and quasi-Chebyshevity.

3.1. Theorem. Let X be a Banach space and let G be a proximinal
subspace of X with codimension one, then the following are equivalent:

1) G is quasi-Chebyshev in X.

2) Each sequence {ypn}n>1 in X with ||ly,|| =1 and 0 € Pg(yn) (n =
1,2,...) has a convergent subsequence.

3) Pg is upper semi-continuous.

Proof. 1)= 2). It has been proved in Lemma 1.3.

2)= 3). Assume that (2) holds. Since codim(G) = 1, there exists
f € X* such that G = {y € X : f(y) = 0}. By [11; Lemma 1.2.] we

have

G
d(w,G) = s (@ € X\G)

Let N be an arbitrary closed subset of G. We shall show that the set
B =N+ (G isclosed in X.

For this, let z € B. Then there exists a sequence {Zn}n>1 in B such

that x,, — x. It follows that there exists a sequence {y, },>1 in N such
that z, —y, € G (n =1,2,...). Hence f(z,) = f(y,) for all n > 1 and
lynll = d(yn,G) (n=1,2,...). Let

Yn

=" (n=1,2,3,...).
l[yn|

Wn

Then |wy,|| = 1 and 0 € Pg(w,). Now, by hypothesis {wy,},>1 has

a convergent subsequence {wy, }r>1 with limit wy. We have |y, || =

|/ (@)

———== and {x,, } converges to x. Therefore

nal

: _ /()]
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|/ ()|

AL
171
yo € N and hence x = yp + (z — yo) € N + G = B. Thus, Py is upper

and yp, = wWp,||Yn,l| — w =: ypo. Since N is a closed set,
semi-continuous.
3)= 1). Let x € X\G and let {y,},>1 be an arbitrary sequence in

Pg(x). Then {& — yn}n>1 is a sequence in G. Since
[ = ynll = d(z — yn, G) = d(z,G) < ||,

for all n > 1. It follows that {z — y,}n>1 is a bounded sequence in G.
But, by [9, Theorem 4.25], G is boundedly compact. Therefore, there
exists a convergent subsequence {x — yy, }x>1 with limit in G.

Now, since yp, = ¢ — (£ — yp,) and ||z — yp, || = d(z, G) for all k > 1,
{Yn, k>1 converges to xg € Pg(x). Thus, Pg(x) is compact and hence
G is a quasi-Chebyshev subspace of X.m

3.2. Theorem. Let X be a Banach space, G be a proximinal subspace
of X, and Pg be upper semi-continuous. Then G is a quasi-Chebyshev
subspace of X.

Proof. Suppose that Pg is upper semi-continuous on X. Then Pg
is upper semi-continuous on every Y, = G @ (z) (z € X\G). Since
codim(G) =1 in each Y, (z € X\G), by Theorem 3.1 (the implication
3)= 2)) each sequence {y,}n>1 in Y, with ||y,|| = 1 and 0 € Pg(yn)
(n =1,2,...) has a convergent subsequence and hence by Lemma 1.4,

G is quasi-Chebyshev in each Y, (z € X\G). But X = U Y,. Itis

zeX\G
clear that G is quasi-Chebyshev in X .m

3.3. Corollary. Let X be a Banach space and let G be a proximinal
subspace of X with codimension one. If G is pseudo-Chebyshev, then
Pg is upper semi-continuous.

Proof. This is an immediate consequence of Theorem 3.1 and that

every pseudo-Chebyshev subspace is quasi-Chebyshev.m
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Now, we shall give an example in which the converse of Corollary 3.3
is not true.

3.4. Example. Let X = /' @ (yo), |lyo/| = 1 and define a norm on
X by

o0

lz +yll = lleal v 27" lylD)] < oo,

n=1
where chen —xeW =10 yecWy= (y) and a Vb = max(a,b).

It isnczléar that || - || is @ norm on X, and X is a Banach space with
respect to this norm. In [7; Example 2.2] it is shown that W = ¢! is not a
pseudo-Chebyshev subspace of X, but is a quasi-Chebyshev subspace of
X. Since codimW = 1, by Theorem 3.1, Pg is upper semi-continuous.m

By [8; Theorem 4], it follows that if codim(G) > 1 and G is pseudo-
Chebyshev or G is quasi-Chebyshev, then Pg is not upper semi-continuous,

and hence the converse of Theorem 3.2 is not true.

REFERENCES

[1] Conway, J.B., A Course in Functional Analysis, Springer Verlag, 1985.

[2] Godini, G., Best Approximation in Normed Linear Spaces by Elements of Convex
Cones, Studii Si Cercet. Math., 21 (1969), 931-936.

[3] James, R.C., Weakly Compact Sets, Trans. Amer. Math. Soc., 113(1964), 129-
140.

[4] Mohebi, H., On Quasi-Chebyshev Subspaces of Banach Spaces, to appear in
Journal of Approximation Theory (2000).

[5] Mohebi, H., Pseudo-Chebyshev Subspaces in L', The Korean Journal of Com-
putational and Applied Mathematics, 7(2000), 465-475.

[6] Mohebi, H., Pseudo-Chebyshev Subspaces in Dual Spaces, Journal of Natural
Geometry, 17(2000), 93-104.

[7] Mohebi, H., Radjavi, H., On Compactness of the Best Approximant Set, Sub-
mitted.

[8] Morris, P. D., Metric Projection onto Subspaces of Finite Codimension, Duke

Math. Journal, 35(1968), 799-808.



68 11*" Seminar on Mathematical Analysis and Its Applications

[9] Singer, I., The Theory of Best Approximation and Functional Analysis, Regional
conference series in Applied Mathematics, 13(1974).
[10] Singer, I., Best Approximation in Normal Linear Spaces by Elements of Linear

Subspaces, Springer-Verlag, 1970.



CHARACTERIZATIONS BASED ON LOWER
VARIANCE BOUNDS VIA CHERNOFF-TYPE
INEQUALITIES

G. R. MOHTASHAMI BORZADARAN

DEPARTMENT OF MATHEMATICS AND STATISTICS,
FACULTY OF SCIENCES,
UNIVERSITY OF BIRJAND,

BIRJAND, IRAN.

ABSTRACT. In this paper, we establish results related to lower
bound for the variance as an extended version of Chernoff-type in-
equalities. This subsume several of the earlier specialized results in
the literature and has linked with the lower bound for the variance

in Cacoullos & Papathanasiou (1997).

1. INTRODUCTION

There is an extensive literature dealing with upper and lower

bounds for the variance of a function of a random variable via Chernoff
(1981), which gives a bound for the variance of an absolutely continuous
function ( w.r.t. Lebesgue measure) of a normal random variable. Chen
(1982), Cacoullos (1982) and Klaassen (1985) obtained variations of the
inequality relative to other distributions and also gave the correspond-
ing lower bounds. Several papers have appeared on modified versions

or variants of the Chernoff inequality such as Borovkov & Utev (1983),

'Keywords: Chernoff-type Inequalities, Variance bounds, Characterization, Up-

per bounds, Lower bounds.

69
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Cacoullos & Papathanasiou (1985,1989), Koicheva (1993), Prakasa Rao
& Sreehari (1986,1987), Srivastava & Sreehari (1987,1990), Prakasa Rao
(1992), Prakasa Rao & Sreehari (1997), Purkayastha & Bhandari (1990),
Cacoullos & Papathanasiou (1992) and Hwang & Sheu (1987).

It is natural to ask whether one could extend the aforementioned
characterizations, involving exclusively purely absolutely continuous or
exclusively purely discrete distributions to a more general format where
a distribution has a singular continuous component or it is a non-trivial
mixture of a purely discrete distribution and a purely continuous distri-
bution.

We establish a general format for characterizations in this area which
is an extended version of that published by Alharbi & Shanbhag (1996)
and Mohtashami Borzadaran & Shanbhag (1998); these subsumes sev-
eral of the earlier specialized results in the literature. Cacoullos & Pa-
pathanasiou (1995) published a paper about the generalization of the
covariance identity and related characterizations. Cacoullos & Pap-
athanasiou (1997) found lower and upper bounds for the variance of
a real-valued function of an r.v. based on a generalization of the co-
variance identity. We shall establish a link between these results and
the results of Alharbi & Shanbhag (1996) and our results. The results
in Cacoullos & Papathanasiou (1995,1997) subsume most of the earlier
characterizations based on variance bounds. Obviously our findings now
will reveal that the results in Cacoullos & Papathanasiou (1995,1997)

are corollaries to those in our results.

2. MAIN RESULTS

We establish here an extended version of Chernoff inequality where
lower variance bound in Alharbi& Shanbhag (1996) is a corollary of ours

via the following theorems :
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Theorem 2.1. Let F'* be a non-constant Lebesgue-Stieltjes measure func-
tion on RN and ve+ be the measure on the Borel o— field of R determined
by it, and let h* and Z be Borel measurable functions. Let X be an
r.v. with df F such that h*(X) is integrable with p* = E[h*(X)] and
E(|Z(X)|{xe(ap)) < 00 for every —oo < a < b < oo and satisfying the
condition that liminf,_,.(h*(x) — p*) > 0 if the right extremity of F
equals 0o, and the condition that liminf, , . (u* —h*(x)) > 0 if the left
extremity of F' equals —oo. Further let T be the class of real-valued ab-
solutely continuous functions g with Radon-Nikodym derivative ¢’ w.r.t.
the measure vy« (i.e. such that g(b) — g(a) = f(a,b} g (z)dvp=(x) for all

a and b with a < b). Then, we have the condition
Cov{g(X), h"(X)} = E{Z(X)g'(X)}, (1)
met for all g € 7 with E( | Z(X)g'(X) | ) < o0, if and only if,
Z(z)dF(z) = { [zm)[h*(z) — wdF(2)}dvp«(z), z€R. (2)

(We read (1) as the condition where the left hand side of the identity is
well defined and equals the right hand side of the identity.)

Proof: The “ if 7 part can be proved via an extended version of
the argument as in Alharbi & Shanbhag (1996) by applying Fubini’s
theorem as follows :

(2) implies that if F(|Z(X)g¢'(X)]) < oo, then, for any a € R,

Bz (X} = [ d@ IR GORATCIZE
- /f S @) = wlaE ) 0

"z *— B ()AF(2) Ydvps (2
o[ @ EEe) e )
Q
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Note that for sufficiently large positive number k, we have, in view of

the lim inf conditions concerning h*,
/[k )|9'<~’C)|( [ )Ih*(z) — p*|dF(2)) dvp- (x)

- / 16/ @)I( / W (2) — i ldF(2))dvpe(z) <00 (4)
[k,00) [z,00)

and

/(_oo,_;ﬂ l9'(@)I( /( e 1" — h*(2)|dF(2)) dvp- ()

- /(_oo,—k} !g’(x)\(/(_oo’m) (1" — h*(2)]dF(2)) dvp- (z) < o0. (5)

Also, in view of the absolute continuity of g, we get ¢’ to be vp«-

integrable on (—k, k) and we get for k > |al
[ @[ e - w @) e a)
(a,k) [z,00)
o) H@I e - war ) e @
<([ I @l @) B ) - )
(=k,k)

< 00
(6)

In view of (4), (5) and (6), it flows that the right hand side of (3) with
|¢'(z)] in place of ¢'(z) and |h*(z) — p*| in place of h*(z) — p* and
w* — h*(z) is finite. Consequently, we can apply Fubini’s theorem to the
right hand side of (3) to get that it equals

/( (0) — @) ()~ wIaF ()

w0 (ata) = @)~ W EEG),
(—o0,a]
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which in turn, equals

E{(9(X) — g(a)) (h"(X) = p") }:

in view of the lim inf conditions concerning h* and the integrability
of (g(X) — g(a)) (h*(X) — p*) it follows that g is integrable and the
expectation that we have above equals Cov{h*(X), g(X)}. The “ only
if 7 part could be proved as follows :

We have
B{Z(X)g (X))} = /% § () Z(2)dF (x)

and with a € R,

Cov{g(X),h*(X)} = E{g(X)[h*(X)—E(h*(X))]}

— [ @)l (@) - @)
R
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Let —o00 < a < b < oo and let g be absolutely continuous w.r.t. vg-

such that

gle) = 1 ifz € (a,b).

{ 0 ifzx¢(a,b)

Hence

Z(x)dF (x) = W (v) — W ldF dvpe (1),
[ z@ar@ = [ ([ ) - war ) )

for all arbitrary a, b > 0. This implies that

(/ (h*(t) — ,u*])dF(t))dyF* (x) = Z(x)dF(z),
[2,00)
which is (2).0

Theorem 2.2. Let X, g, 7, Z and h* be defined as in Theorem 2.1,
but additionally with h* absolutely continuous w.r.t. vp- and h*(X) as

nondegenerate square integrable satisfying
Var{h*(X)} = E(Z(X)h"'(X)). (8)
Furthermore, let T* be the set of g € T for which g(X) is square integrable

and E{Z(X)g' (X)} is defined and nonzero. Then

nf Varlg(X)|Var[h*(X)]
ger EX{Z(X)g'(X)}

if and only if (2) holds.

=1, (9)

Proof: We shall first establish the “if ” part; note that (9) is equiv-

alent to
Var{g(X)}Var{h*(X)} > E{Z(X)g'(X)}, g € T, (10)

on noting that the equality in (10) holds for some g. Clearly, if we assume

(2), we have

E{Z(X)g'(X)} = Cov[g(X), h* (X)), (11)
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as seen in Theorem 2.1. Note now that the equality in (10) holds if
g(.) = h*(.). Hence, under the stated assumptions,
EX{Z(X)d(X)} = {Covlg(X),h"(X)]}?
< Varlg(X)IVar[h* (X)), (12)
with equality in (12) if ¢ = h*. This establishes the “ if 7 part of the
theorem. The “ only if 7 part may be proved by extending the method

of Alharbi & Shanbhag (1996) as follows :

Let (a,b) be a bounded open interval and

) 0 ifxé(ab)
k(m)—{ 1 ifz € (a,b),

where —oo < a < b < oo. For any real 8, we define
g(@) = h* () — " + 0 /( K@), >R
Clearly, in view of the relations (8) and (9)

Var{h*(X)} + 02Var{/(_ . k(y)dve(y)}

+ 20Cov{h*(X) — p*, /( N k(y)dve-(y)}

1
t Var (X))
+ 20E[Z(X)k(X)]. (13)

> E[Z(X)h"(X))] 0*E*[Z(X)k(X)]

We see that

Far(| kv ) = gy (FZCOMX])

+ 29(Cov{h*(X)—u*,/ k(y)dves(y)}

(—00,X]
— BZ(XO)KX)) > 0. (14)
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Because (14) holds for all 6, it implies

Coulh*(X) — i, /( o He ) = BEZCORXL
In view of Fubini’s theorem

/( |, 2@ = /W,){ W) ) ),

which implies (2). Hence we have the theorem.O

Corollary 2.3. Let F*, Z and 7 be as in Theorem 2.1, and X be an
r.v. with df F such that F*(X) is integrable with p* = E(F*(X)) and
E(|Z(X)I{xe(ap)y) < o0 for every —oo < a < b < oo. Then

Cov{g(X), F*"(X)} = E{Z(X)g'(X)}, (15)

for all g € T such that E{Z(X) | ¢'(X) |} < oo, if and only if (2) holds.

Proof: The corollary follows easily from Theorem 2.1 on taking
h*(.) = F*(.) and noting that the assumptions of the theorem are met.

a

Corollary 2.4. (Alharbi & Shanbhag (1996)). Let X, h*, Z and
7" be as defined in Theorem 2.2, but with h* = F*. Then

nf Var[g(X)]|Var[F*(X)]

s EHZ(X)g(X)} 16)

if and only if (2).

Proof: The corollary follows immediately from Theorem 2.2 on tak-
ing h* = F*.00

Cacoullos & Papathanasiou (1995) generalized the covariance iden-
tity for univariate random variables and used them to obtain several

characterizations. Some lower and upper variance bounds were derived
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by them using a generalization based on the covariance identity, appear-
ing in Cacoullos & Papthanasiou (1997). The paper provides one with a
further tool for characterizations in terms of Z (instead of w met earlier

in connection with characterizations based on the Chernoff inequality).

Remark 2.5. Let h*(x) = z, then (1) in Theorem 2.1 reduces to
Cov(X,g(X)) = E(Z(X)g' (X)),
for all g € 7 and
Z(x)dF(x) = (/[m OO)(Z — w)dF(2))dvp-(z), (17)
in place of (2) where p = E(X). In this case F*(z) = z and h(z) = x
implies that

Z@)fa) = [ (- nie

[z,00)
in place of (17) where f is the density of F' w.r.t. Lebesgue measure.

Also, in this case, F*(z) = [z] ,z € R implies

Z@)f@) = >, -mwfy),

{y:y>z, yez}

in place of (17).

Remark 2.6. Using the operator Agg(.) = %ﬁ_g('), B > 0, we can
obtain extended versions of certain results appearing in Cacoullos &
Papathansiou (1995, 1997). The results corresponding to the lattice
case involving the operator Ag obviously are corollaries to our general

results.

Corollary 2.7. Let h and Z be absolutely continuous Borel measurable
functions (w.r.t. Lebesgue measure) and let X be an r.v. with df F' such

that h(X) is integrable with p = E[h(X)] and E{|Z(X)[I{xc(@p)}) <
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oo for every —oco < a < b < oo and satisfying the condition that
liminf, ;oo (h(x) — u) > 0 if the right extremity of F equals oo, and
the condition that liminf, , o (u — h(z)) > 0 if the left extremity of F
equals —oo. Further let T be the class of real-valued absolutely continuous
functions g with Radon-Nikodym derivative ¢ w.r.t. Lebesque measure.

Then, we have the condition
Cov{g(X), h(X)} = E{Z(X)d'(X)}, (18)
met for all g € T with E( | Z(X)g'(X) | ) < o0, if and only if

Z(x)dF(x) ={ [h(z) — p|dF(z)}dx, x € R. (19)

[,00)

Corollary 2.8. Let X, 7, Z, and h be as defined in Corollary 2.7, but
additionally with h absolutely continuous w.r.t. Lebesgue measure, T*
as a subset of g € T for which g(X) is square integrable, Z(X)g'(X) is
integrable with E{Z(X)g (X)} # 0 and h*(X) integrable and V [h(X)] =
E[Z(X)W (X)]. Then

Var[g(X)] >
if and only if

Z(x)dF (x) = {/ [h(y) — E(M(X))|dF (y)}dz, = € R,
[2,00) (21)
for all g € .

FEquality in (20) holds if g(.) = c1h(.) + ca.

Proof: The result follows from Theorem 2.2 on taking F*(z) = x, = €
R.
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Corollary 2.9. Let F* be a non-constant Lebesgue-Stieltjes measure
function on R and vp~ be the measure on the Borel o— field of R de-
termined by it, and let X be an r.v. with df F such that F is absolutely
continuous w.r.t. vp« with Radon-Nikodym derivative f w.r.t. vp« and
f(x) tends to zero as x — oo. Also, let f be absolutely continuous w.r.t.
v+ with Radon-Nikodym derivative f" w.r.t. vy« such that E[h*(X)] =0
and liminf, ,o h*(x) > 0 if the right extremity of F equals to oo, and
liminf, ,  h*(z) < 0 if the left extremity of F equals to —oo, where

h*(x) = —J},((;E)). Further let T be the class of real-valued absolutely contin-
uous functions g with Radon-Nikodym derivative ¢’ w.r.t. the measure
vp= (i.e. such that g(b) — g(a) = f(a,b} § (z)dvp«(x) for all a and b with
a <b). Then, we have the condition

Cov{g(X—-), h"(X)} = E(¢'(X)), (22)
met for all g with E( | ¢/(X) | ) < o.
Proof: We have
E{d(X)} = /%g/(x)dF(x)
= /%g/(x)f(x)duF* (z)
B /mg/("’“){ /(mo) [ (2)|dF (2) }dvp- (z)
B /(a,oo) g1 (W)[h*(Z)]dF(z)}dyF* ()
" /<oo,a] g'(@1 /(OM][_h*(Z)]dF(z)}dyF* ()
= [ o)~ @) e

N CORVERINECITE
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Hence completed the proof.0

Remark 2.10. If F* is a non-atomic measure, then the Corollary 2.9

is valid with Cov{g(X), —%} = E(¢/(X)) in place of (22).

3. FURTHER POSSIBLE WORK

Chen (1982), Cacoullos & Papathanasiou (1989) and Prakasa Rao
& Sreehari (1986) set-up characterization results based on versions of the
Chernoff-type inequalities for multivariate normal distribution. Also,
Prakasa Rao (1993) obtained result related to probability bounds, mul-
tivariate normal distribution and integro-differential inequality for a ran-
dom vector.
An extension of the general results that are obtained here is applicable
to a multivariate set-up. The ideas are given for the future work of the

lower variance bounds as follows :
o A Lebesgue-Stieltjes measure on R" is a measure p on B(R™) such

that u(I) < oo for each bounded interval I. Let p be finite measure,
define

F(x1,29,....,2p) = u(({w = (w1, wo, ...,wn) ER": w; <wx,i=1,2,..,n}

This will turn out that u(a,b] = F(b)—F(a) for n > 2 is not correct.
Hence, introduce the difference operator A (for more details see
Ash (1972), pp. 27) as follows :

If G:R" — R, then,

AbiaiG(:Cla T2,y -y :Cn) — G('Tl) oy Li—1, bl'a Lijd1s -y "En)—G("El, ey Lj—1, Qg Tj4 1y -y :ETL)

The following theorem gives us the idea for extending main the-
orems of this note to a multivariate set-up by using A operator.
(Note that the best way is that first of all, for n = 2 obtain the

result and then extend it to multivariate case.)
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Theorem 3.1. (Ash (1972), pp. 28)
Let 1 be a finite measure on B(R™) and define F(x) = p(—o0, z].
If a < b, then

wla, b = Apa; Dbgag-- Dby, a, F(T1, T2, .0y Tp)

= F() — F1 + F2 — F3 + ...+ (—1)nFn,

where F; is the sum of all n terms of the form F(cy,ca,...,cp)
i

with ¢, = ay for exactly i integer in {1,2,...,n} and ¢, = by for

the remaining n — 1 integer.

Chou (1988) derived an identity as a property of exponential family in
R™ (see page 130-132 of the Chou’s (1988)). We can have the following

result using the argument in the earlier paper :

e Theorems 2.1 and 2.2 are extendable to a multivariate version by
using a version of C-S inequality (see Cacoullos (1989), pp. 242)
and using the argument similar to the Theorem 2.1 in Chou (1988).

Also, the following result can be achieved as a representation in terms
of Z(.).
e In view of the argument of Theorem 2.1, giving a criterion un-

der which any distribution F' satisfying (2) can be identified by
(h*, F*, u*, 2).
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ABSTRACT. Following a work of S. W. Brown [1] and A. Ulger [8] we
will prove that for a closed subspace M C K(lp,l;), M™ has the
Schur property if and only if all point evaluations M (z) = {Tx :
T € My} Clgand My(y*) = {T*y* : T € My} C 1,/ are relatively
norm compact, where 1 < p < ¢ < 00, & € lp, y* € I and p' is
the conjugate number of p. Also for closed subspace M of either
K(lp,co) with 1 < p < oo or K(co), we will prove that relative
compactness of all point evaluations is also sufficient for the Schur

property of M*.

1. INTRODUCTION.

A Banach space X has the Schur property if every weakly convergent
sequence in X converges in norm. By Schur’s theorem, the sequence
space [1 has the Schur property. In more general, Carne, Cole and
Gamelin in [2] have proved that L'(u) has the Schur property if and

only if p is an atomic measure.

85
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Unfortunately, the most of the well-known Banach spaces does not have
the Schur property. For example all infinite dimensional reflexive Ba-

nach spaces does not have the Schur property.

By Rosenthal’s ;- theorem [4], any infinite dimensional Banach space X
with the Schur property, contains a copy of ;. But if X is a dual space
with the Schur property, then its predual contains no copy of 11 [3].

If X and Y are Banach spaces such that X* and Y do not contain Iy
and either X** or Y* has the Radon-Nikodym property (in particular,
if X and Y are reflexive), then the Banach space K(X,Y), of all com-
pact operators between X and Y, contains no copy of ly. This shows
that K(X,Y) contains no infinite dimensional closed subspace with the
Schur property. But the dual of them can possess this property. So it
is natural to ask for which Banach spaces X and Y and which class of

closed subspaces M of K(X,Y), M* have the Schur property.

In 1995, Scott W. Brown [1] has proved that if M is a closed subspace
of K(H), of all compact operators on a Hilbert space H, such that all
point evaluations M;(z) = {Tz : T € M; = the unit ball of M} and
Mi(z) = {T*z : T € M} are relatively norm compact in H, then M*
has the Schur property. Conversely, in 1997, A. Ulger [8] by proving
that relatively norm compactness of all point evaluations is also a neces-
sary condition for the Schur property of M*, has characterized all closed

subspaces of K (H) whose duals have the Schur property:

Theorem 1 (S. W. Brown [1] and A. Ulger [8]). If H is a Hilbert space
and M is a closed subspace of K(H), then M* has the Schur property
if and only if for each x € H, the point evaluations Mi(x) and M, (x*)
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are relatively norm compact in H.

In the following, we will prove that the same conclusion is valid, where
M is a closed subspace of either K(l,,1;) with 1 < p < ¢ < oo or
K(ly,cp) with 1 < p < oo or K(cp). Note that if p > ¢, by Pitt’s
theorem, K (l,,l;) is reflexive and so has no infinite dimesional closed
subspace M such that either M or M* has the Schur property.

In the following (e,) is the standard basis for both ¢g and all [,,, 1 <
p < oo and Py is the projection onto complemented closed subspace V
of the related space. Also X7 is the closed unit ball of arbitrary Banach
space X. We denote the conjugate number of p by p’. For the proof of

one of the main theorems we will first prove three lemmas:

Lemma 2. Let Ky,...,K, € K(Iy,l;) and € > 0 be given. Then there

are integers mg and ng such that
HPW/KZH <e & ||KZPV'H <e, 1= 1)25 ey 10,

where V' = [e, : n > mg] and W' = [e,, : n > ng| are closed subspaces of

l, and 1, respectively.

Proof. We may assume, without loss of generality, that n = 1 and
K = Ky € K(lp,lg). If {y1,...,y1} is an €/2- covering of K((l,)1) in
lg and each y; has a representation y; = Y 7~ | o, ej, choose an integer
ng > 0 such that || ., el = Qpan, la;, |91 < ¢/2, for all
1<i< 1.

Now for each x € (,); and suitable 1 <1 </,

[P K| < || P (K —yi)ll + | Pwyil
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<K=yl + 11 Y cienll <e
k>ng

This shows that ||PyK|| < € where W' = [e,, : n > ng).

As a corollary, since K* : [y — [,y is compact, we can deduce that there
exists an integer mg such that |PK*|| < ¢ where P is the canonical
projection of Iy onto [e, : n > mg] in ly. Set V' = [e, : n > mg), as a

closed subspace of [,,. Since P = (Py)* we have
[Py || = [[(Py )" K[| = [|PK7| < e.

Lemma 3. Let mg and ng be arbitrary integers, V. = [e1,...,em,] C
Ly, W =le1,...,en] Clg and € > 0 be given. If M C K(l,,1,) is a closed
subspace such that all point evaluations My(x) = {Tz : T € My} Cl,
and M, (y*) ={T"y* : T € My} Cly are relatively compact, then there

exists a closed subspace G of M of finite codimension such that
|GPy|| <€ and |PwG| <€, forall Ge G;.

Proof. We first construct a norm closed subspace £ of M of finite
codimension such that ||[GPy|| <e, for all G € &; .

For each integer i, define ¢; : M — I, by ¢;(T) = Te;. For each
fixed integer 1 < i < mg, if {y1,...,y1} is an €/3mg- covering of ¢;(M;)
and each y; has a representation y; = > >, aj, e, we can choose an
integer N such that ||>,. yaj.exl < €/3mg, for all 1 < j < [. Let
H; = ey :n > NJ]in l,. Then

sup{llyll : y € Hi N ¢i(M1)} < €/my.

It is easy to check that £ := N/ ¢; ' (H;) is norm closed and of finite
codimension in M. Let now G € &. Then |Ge;|| < €/my, for all
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1<i<mg. Ifz=73.7" aje; €l, and |Jz|| <1 then

mo mo
IGPya| = IGY " cieill <> lol.[|Ges]| < e

i=1 i=1
Thus |GPy|| <€, for all G € &. Similarly, using the relatively com-
pactness of all Ml (y*) in Iy, we construct a norm closed subspace F of
M of finite codimension such that ||Pyy G| < e, for all G € F;. Now set
G=ENF.

Lemma 4. For each integers m and n and each operators T,S €

L(lp,1lg), if 1 < p < q < oo we have
|PwT Py + Py SPy|| < maz{|[PwTPy||, | PSPy |},

where V. = [e1,....,em] C 1, W = [e1,...,en] C Iy and V' and W'are
complementary subspaces of V- and W in l, and l, respectively.

Proof. It is clear that for arbitrary bounded operators U; : X1 — Y
and Uz : Xy — Yo, the direct sum operator Uy @ Uz : X1 @) Xo —
Y1 &, Ys has norm equal to maz{||U ||, [|[Uz]|}, where X; &, X is the [,-
direct sum of X; and Xs.

Now for the bounded linear operators Py T Py|y : V. — W (restriction
of PwTPy to V) and Py SPy/|yr : V! — W' we have

|1Pw T Pylv ® P SPy|y|| = maz{|[Pw TPy v |, [| PSPy [y ||}

< maz{||Pw TPy, || Py SPy|}.

Since V @, V' and W @, W' are isometrically isomorphic to I, and [,
respectively, and the operator PyT Py |y @ Py SPy/|y: as an operator

from 1, to I, is equal to Py TPy + Py SPy, the proof is completed.

We are ready to prove the main result:
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Theorem 5. Let M be a closed subspace of K(lp,1q). If all point evalua-
tions My (z) and My (y*) are relatively compact in lg and Ly respectively,

then M™ has the Schur property.

Proof. Let (I';) € M* be a normalized weakly null sequence in M?*.
Let (e,) be a sequence of positive numbers such that »_ ne, < co. Sup-
pose that Ay = I'y, and choose K7 € M such that < Kj,A; >> 1/3.
Inductively, assume that Aj,...,A, € (I';) and Ki,..., K,, € M; have
been chosen. To obtain A, 41 and K11, by lemmas 2 and 3 we find fi-
nite dimensional subspaces V' and W of [, and [, respectively, and norm

closed subspace G of finite codimension in M such that
|KiPy|| < €pt1 and ||Py K| < €41, forall i =1,2,...,n,
|IGPy|| < eny1 and ||Pw G| < €41 , for all G € ;.

By the technique given in the proof of theorem 1.1 of [1], we can choose

Apt1 € (1) and K41 € Mj such that
| < KijyApy1 > | <2 for i=1,2,..,n,

< Kpi1,App1 >>1/3 and < Kpq1,Aj >=0 for j=1,2,..,n.
Also [|Kp+1 Py < €nt1 and ||Pw Kpy1]| < €n41. These properties yield
that

n n
1Pw > KiPy =Y Kil| < 3nén1 and | Py K1 Pyr — K || < 3y,
=1 =1
Hence

n+1 n

n
ISTED < IS Ko = P 3. KiPyll 4+ [ Kt — Por Kt P+
=1 =1 =1
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n n
1Pw > KiPy + Py Kpy1 Pyl < 3(n+ Dengy +maz{]| > K|, 1},
=1 =1

where the last inequality holds by lemma 4. This shows that the se-
quence T, = > | K; is bounded and so has a weak® limit point T' €
M**. For each j, choose an integer n > j such that | <T—-T,,,A; > | <
1/27. Therefore

j
| <T,A; > > <Ky hj>|—1/2 >

=1
7j—1
| < Kj A > [ =D | < KAy >|—1/20 > 1/3— /21 > 1/4,
i=1

for sufficiently large j. Hence < T, A; > and so < T,I'; > does not tend
to zero. This shows that the sequence (I'j) does not converge weakly to

zero and the proof is completed.

Remark. In 1999 E. Saksman and H. O. Tylli [7], by a different proof
have proved that the conclusion of theorem 5 is valid for the closed sub-
spaces M of K(l,) with 1 < p < oo, which is a particular case of theorem
5. In the following we extend theorem 5 to closed subspaces M of the

non-reflexive case of Banach spaces. Namely in the case of K(l,,cy) and

K(CQ).

By notice in the proof of theorem 5, one sees that for each Banach spaces
X and Y instead of [, and [, respectively, and each operator ideal be-
tween X and Y , if lemmas 2, 3 and 4 hold, then a similar result of
theorem 5 is also valid for that operator ideal. As a corollary, if we
repeat the proof of lemmas 2, 3 and 4 for closed subspaces M of either

K(lp,co) with 1 < p < 0o or K(cp), we have the following theorem. We
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agreement that for the closed subspace V = [eq, ..., e,] of cg, V B V' is
the cg direct sum of V and V'.

Theorem 6. Let M be a closed subspace of K(lp,co) with 1 < p < oo
(resp. K(co)). If all point evaluations My (z) and M, (y*) are relatively
compact in cy and Ly (resp. i) respectively, then M* has the Schur
property.

As another corollary, we will prove that if H is any Hilbert space, then
no analogous result of lemma 4 holds for the closed subspaces of the

Banach operator ideal N'(H) of all nuclear operators on a Hilbert space
H:

Corollary 7. Let M C N (H) be an infinite dimensional closed linear
subspace of N'(H). If all point evaluations My (x) and M(z) are rel-
atively norm compact in H, then there are finite dimensional subspaces

V and W of H and nuclear operators T,S € M such that

||PwTPV + PW’SPV’Hn > ma:C{HP[/VTP\/Hn, HPW’SPV’Hn}

Proof. By the definition of nuclear norm, the analogous of lemmas 2
and 3 are valid for N'(H) instead of K(ly,1,). If the conclusion is false,
then a similar result of lemma 4 is obtained and so M* has the Schur
property. This shows that M does not contain any copy of {1, while M

is non-reflexive. A contradiction with theorem 3 of [5].

The proof of lemma 4 is based on the fact that for each closed subspace

V C 1, of the form V = [eq, ..., €,], the Banach space [, is isometrically
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isomorphic to V&, V'. In general, if a Banach space X with Schauder ba-
sis (zy,) has the property that for each integer n, there exists 1 < p < oo
such that X =V &, V', V = [z1,...,x,]; then the proof of lemma 4 is
valid for L(X) instead of K (I,,1l,).

In the following, we will prove that the Banach spaces [,, 1 < p < oo
and ¢g are the only Banach spaces with the Schauder basis such that the
proof of lemma 4 and so the technique of the proof of theorem 5 valid

for them:

Theorem 8. Suppose that X is a Banach space inclined to Schauder
basis (), with the property that for each integer n there exists 1 <
pn < 0o such that X is isometrically isomorphic to V &y, V', where
V = [z1,....,xy]. Then X is isometrically isomorphic to either 1, for

some 1 < p < oo orcp.

Proof. As a first step we will prove that all p,’s are independent from
choicing of n. If all p, are less than to infinity, for each integer n > 2

and each scalars a,—1 and a,41 we have
lan-120-1 + an1@nr [P = (lano12ao1 P2 + [angizng P17t
On the other hand,

lan—12n-1 + anp1Zn41 [P = [lan—12n-1[[P" + [lans1znga [P

Pn
So if we set ap—1 = 1/||zp—1| and apy1 = 1/||zn41]|, then 27-1 = 2.
This shows that for all n > 2, p, = p,_1 and so all p,, are equal. But if

for integers n < k, p, = oo and p; < co. we have
lantn + ag 11l = maz{llangal, lag 1}

1
= (lan@al™ + llag 1z [PF) 75,
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and so 21/Px = 1. This contradiction shows that all p, are equal to oco.
As the second step, let = > > a,x, € X be arbitrary. If all p,, are

n=1

equal to some 1 < p < oo, then by induction on n and by hypothesis,

oo
lzl” = llazaallP + 11 Y annll”

n=2

x
= Jarza [P + azwa P + |3 aneal?

n=3

0o [e%}
= o= Y llawzall” = Y~ lan-llea| "
n=1 n=1

Define T : X — 1, by T(3.,7 antyn) = (an.]|zn]|)5%;. Then T is an
isometrically isomorphism from X onto [,. Finally, if all p,, are equal to

00, then by a similar method, ||z| = sup,, ||anx,|| and so the operator

oo
> antn = (anl|zal)oly
n=1

from X onto ¢y is an isometrically isomorphism and the proof is com-

pleted.

Remark. Recently, the author in a joint work [6], generalized the main

results of this paper to a large class of Banach spaces.
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THE CONNECTION BETWEEN THE TURNING
POINTS AND THE DUAL EQUATION

A. NEAMATY HOSSEINABADY

DEPARTMENT OF MATHEMATICS,
UNIVERSITY OF MAZANDARAN,
BABOLSAR, IRAN.

ABSTRACT. In this paper we will study the dual equation of the
Sturm-Liouville with the dirichlet boundary condition. In most
differential equations with the boundary conditions it is possible
to obtain an the dual equation. In studying the dual equation of
Sturm-Liouville problem, necessarily we must to know the numbers
of turning points. In this paper at the first outset, if this problem
has one turning point, then by a theorem we find the dual equation.
In the second case, if this problem has two turning points, we will

determine the another dual equation in this case.

1. INTRODUCTION

By considering eigenvalues and infinite product of solutions the second
order differential equation

W

d¢?

+(A1-=¢C) - T())W =0 —co<a<—1,1<b(e€(~1,b)
(1)
with boundary conditions

W(a) =0 =W(() (2)

LAMS Subject classification:34E05

Keyword and Phrases: Turning point,dual equation Asymptotic approximation.
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and initial condition %—Vg()\,a) = 1, where )\ is a large positive param-
eter and the function ¥(¢) is continuous, we first determine the dual
equations of (1) in one turning point case. In this regard we discuss the
equations (1) and (2), for case —1 < ¢ < 1 and case 1 < ¢ < b.

The solution of equation (1) have several infinite product representa-

tion (see [3]). Let ¢ € (—1,0), then we have

woo=a0 Tl (1-25) M (1-25). @

n=1 n=1

In particular, if ¢ € (0,1), the differential equation (1) has a solution
W (A, ¢) given by

voo-mofi (- ) (- ) o

n=1 n=1

Now, if 1 < ¢ < b, then the infinite product of solution is of the form

wono=coll (- 5) I (1-05).  ®

n=1 n=1

In equation (3), the function C'(¢) is

+2
n=1 —JIn

_ 2 fL2(0) P2 (- f2 rn P2(=1)vn(Q)
A(¢) = Ui AT H1 H )

where 7,,(¢) and v, (¢) are eigenvalues of equation (1) with the boundary
condition W(a) =0 =W (¢) and j,, n = 1,2,3,... be the positive zeros
of J{(z) and the functions P(¢),f({) are of the form

#0) = [CA=)12dr  —1<(<0
__fC 1/2d7' 0<(¢<1

P(C) = faC(T2 —1)Y2dr (<1
B f;l(T2 — D)Y2%dr + faC(T2 —DY2dr ¢>1 .
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Similar to that, in equation (4) the function B(() is

32 f1/2(¢) pL/2 20, P2 1)y
Do) = —PPIPOP 2 POnO) T PO

(CL )1/4(<2 ) 4€TZ n=1 Jrzz n=1 _.7721

and in equation (5) the function C(¢)

4 f2 i
O = TaprEE@E - nAe - H 1}

in,n=1,2,3,... be the positive zeros of J_l/g(z). For more details of

equation (3) for ¢ € (0,1), can be found in [4] and other cases, in [1], he

is proved.

2. THE DUAL EQUATION

Let ¢ € (—1,b), the equation (1) has an infinite number of positive and
negative eigenvalues, which we denote by {r,(¢)}, {vn(¢)} respectively.
By the implicit function theorem, the functions r,,(¢) and v, ({) are twice
continuously differentiable functions. Note that , if A,,(¢) (for n > 1) is

eigenvalue, then we have

W (rn(C),¢) =0,
W (vn(C),¢) = 0,

where r,,(¢) and v, (¢) are eigenvalues of equation (1)(for n > 1), there-

fore we have

PW | PW oW
OW W OW

Now by using the above results, we want to take the dual equations
of (1). The dual equations have different form on subintervals of (—1,b).

By taking the differentiation of equation (3) with respect to the variable
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A at the point (r,(¢), (), for ¢ € (—1,0) the solution of equation (1) has
infinite product representation, from (3) we get

Wno = AO ] (b%@ﬁl(l—%@)

n=1

we define G,, and H,, by

Gn = Gp(ra(€),¢) = H <1 -

E>1,kY

5

Therefore, we get

AL (=55) - (-58)

so, we have

ow —A(Q)H,G,,

E(TH(C)’ C) = Tn(() ’ (8)
similarly, for %ZTVZ(TTL(C ),¢), we write
>Pw . _ 2A(QOH,Gn 1
2A(C)H,Gn 1
RO 2 W=
and for %(rn(g), ¢) we write
W —A(QOHAG A HAGr,
_A(C)HnGnT;z 1 — AOH.G v_; v —r 1
Q) g ORG240 = 1al0)
i —1_A(C)HnGnr;L 1

—A(CQ) Ha Gy 5 (ri(¢) = ralQ))

r
1<iji#n °
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By substituting (8),(9) and (10) in (6) ,we have

24 (Q)r) 7l

" n , P B .
Ty + W + 2ry,1), 1§%n T_z (ri(¢) — rn(Q))
4 72
EY S () i) | -2
1<i n
similarly for negative eigenvalue v, ((), we have
" 2‘4/(07); ’ Ug A .
Uy + TC) + 2vpv, 1§;i#n U_Z (’UZ(C) — Un(C))
/ ’\2
F3 T (0 a2 g
1< 't n

101

(11)

(12)

Dividing the equation (11) by r/,, the equation (12) by v/, and integrating

from ¢ up to 0, we obtain

2
T;L(C) _ Tn(g) 62Tn(rn,vn,()’

g
v(¢) = fjp(?) Xt t),

where
0

T Tiry, 1 [0 viry, 1
n(Tn,y v, C) = Z . (ri — ) dt—i—ZZ (v; — )~ dt,
n ¢ n

i#£n ¢ v

for ¢ € (0,1)

! Tirn -1 [ Uiy -1
Tn(rna Un, C) = Z (ri - Tn) dt + Z’L (Ui - Tn) dt
¢ T ¢ Un

similarly for ¢ € (1,b)

T _ b Tzl‘rn -1 . b ’U;Tn _1
n(Tn, v, €) = E T (ri —ry) dt + E ) T (v; — 1)~ dt.
n n
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In fact we have obtained the following theorems

Theorem 1 Let W (), () be the solution of boundary value problem

2
%+()‘(C2—1)—‘1’(C))W=0 —co<a<—1,-1¢ <0,
and
A
W(a) = 0=W() IWOL) (3, ) =1
then for r,(C), v,(¢) we have
m(C) = f‘%(?)em(”’”"@, W (C) = ;’é(é)) 2T (v )
and for ¢ € (0,1) we have
2 2
n(Q) = ;”%é))eﬂ"“"’”"@, v (¢) = g;_(é))e?n(vmmo,
Theorem 2 Let W (), () be the solution of boundary value problem
2
%+(A(C2—1)—‘I’(C))W=0 —oco<a<—1,1<(<b,
and
OW (A
Wi(a)=0=W(() 76()3:’:6) (Na)=1
then for r,(C), v,(¢) we have
r;l(c) _ 272;((?) eQTn(rn,vn,C)’ U;(C) _ 272;((?) o2Tn (vn,mnC)
REFERENCES

[1] Jodayree Akbarfam.A,Higher-order eigenvalue asymptotics for sturm - liouville
problems with one simple turning point. PH.D Thesis , Department of Mathe-
matics, University of OTTAWA, CANADA, 1989.

[2] ABRAMOWITZ,M. and STEGUN,J.A., Handbook of Mathematical Functions.
National Bureau of Standards ,eds, Appl, Math, Ser., no.55, U.S, Govt.Printing
office, Washington, D.C., 1964.

[3] Levin, B.M, Distribution of zeros entire functions.Translation of Math. Mono-

graphs. American Mathematical Society, 1964.



The Connection between the turning points and the dual equation 103

[4] Neamaty H.A.The canonical product of the solution of the Sturm-Liouville prob-
lems. Iranian Journal of Science & Technology, Vol.23, No.2, Transaction A,

141-146 (1999)



104



OPTIMAL CONTROL FEEDBACK LAW AND
NONSMOOTH ANALYSIS
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ABSTRACT. In general, even in very simple examples of optimal
control problems, one can not expect the existence of continuous
universal feedback laws. In this work we use an approach to end-
point cost optimal control based on nonsmooth analysis to construct

a discontinuous universal feedback law.

1. INTRODUCTION

In control theory, the standard model involves the system

T = f(t,x,u),

constants v; and o such that

1F &z u)ll <mllzl +72 V(T 2,u).

1991 Mathematics Subject Classification. 49J24, 49J52,49N55, 90D25.
Key words and phrases.
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(1)

where f: R x R" x R™ — R"™ is continuous, and locally Lipschitz in the
state variable x. Controls are Lebesgue measurable functions u : R — U,
where the control restraint set U C R™ is compact. Assume also that

f satisfies a linear growth condition; that is, there exist nonnegative

Optimal control, Euler polygonal arc, Nonsmooth
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Then for each control function u(-) and each initial phase (7, ) € RxR"
there is a unique solution x(t) = x(t; 7, o, u(+)) on [r,00). A central issue
in control theory is the existence of feedback control laws which achieve
desired behavior of the control system (1) universally; that is, for all
initial states or initial phases in a prescribed set. In recent years it has
come to be understood that even in very simple examples of the above
types of problems, one cannot expect the existence of universal feedback
laws k which are continuous, this being the minimal condition for the
classical existence theory of ordinary differential equations to apply to
(1). This inadequacy of continuous feedback can be illustrated via the

following example.

Example 1.1. Consider the following well known “nonholonomic inte-
gator” of Brockett [1]. The dynamics & = f(z,u) (here time-autonomous;

that is, f has no direct t-dependence) are given by

i‘l = ux

i?z = Uy

i‘g = T1U2 — T2Uq
where controls u(-) = (u1(-), ua(+)) are required to be valued in the closed
unit ball U = By in R%. It can be shown by an ad hoc argument that
this system is asymptotically controllable. Nevertheless, stabilizability
via a locally Lipschitz feedback law k(z) fails here because, as Brockett’s

arguments show, a necessary condition for this is the existence of A > 0

such that
AB3 g f(R37§2)7 (2)

where Bs denotes the open unit ball in R3. It is easy to check that this
condition fails for the nonholonomic integrator. In fact, due to a spe-

cialization of a result of Ryan (commented on below) which generalizes
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that of Brockett, no continuous stabilizing feedback exists. For further
discussion along these lines, see Sontag and Sussman [20], and Sontag

18], [21].

Unlike the preceding example, it is not always possible to obtain a

classical solution to the differential equation

T = f(t,x,k(t,z)) =: g(t,x)

when the feedback k is discontinuous, since the existence theory of or-
dinary differential equations can break down. One might hope that a
remedy for this difficulty is to replace the above differential equation
with a differential inclusion & € G(t,z) via either the Krasovskii solu-

tion concept, wherein

G(t’ :C) = ﬂ E[g((t’ :C) + 5§n+1)]a (3)
6>0

(where 6 denotes closed convex hull) or via the Filippov solution con-

cept, wherein

Gt,z):=() () ©lg((t.x) +Bus1\N)], (4)
>0 meas(N)=0

the second intersection being taken over all subsets A of R"*! with
Lebesgue measure zero. If f is continuous and the feedback k is merely
assumed to be bounded on bounded sets and (for the case of Filippov
solutions) also measurable, then the multifunction G in both (3) and
(4) is compact convex valued and is upper semicontinuous. Therefore
one has global existence of solutions of # € G(t,z) for any initial data.
(For an overview of Krasovskii and Filippov solutions, see Filippov [11],
Hajek [12], and Deimling [10]). Unfortunately, the Krasovskii and Filip-
pov solution approaches are inadequate for purposes of (discontinuous)

feedback design in stabilizability. This is due to a result of Ryan [16]
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(see also Clarke, Stern and Ledyaev [5]) implying that Brockett’s cover-
ing condition (2) persists for these solution concepts. Specifically, in the
nonholonomic integrator of Example 1.1, if a stabilizing feedback existed
with respect to either of these notions of solution, then necessarily for

any given ~ > 0 there would have to exist A > 0 such that
ABg g G("}/Bg,Eg). (5)

But as is readily checked, this fails for the example in question, for G
given by either (3) or (4).

The question of whether asymptotic controllability implies asymptotic
stabilizability via feedback in some meaningful way has received some
attention in recent years. One reference is Coron [9] (see also Coron
and Rosier [15]). Another, which is more relevant to the present work,
is Clarke, Ledyaev, Sontag and Subbotin [4], where this question was
answered affirmatively, using discontinuous feedback, and a discretized
solution concept, wherein the control function is iteratively reset and
held constant on successive time intervals. The discretized solution con-
cept utilized in the present work, that of “Euler polygonal arcs” is some-
what akin to this. The departure point of the analysis in [4] is the key
fact, due to Sontag [17] (see also Sontag and Sussmann [19]) that as-
ymptotic controllability is equivalent to the existence of a continuous
(but nonsmooth) control Lyapunov function, or CLF. The methods of
nonsmooth analysis were then brought to bear; the stabilizing feedback
is constructed using the sublevel sets of the Moreau-Yosida infimal con-
volution of the CLF and exploiting a nonsmooth infinitesimal decrease
property of this function. The methods of [7], instead of the sublevel
sets of a CLF, the sublevel sets of the value function of the problem
were utilized. A difference between the methods of [4](or [7]) and the

present work is that here the Moreau-Yosida infimal convolutions is not
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required, and the proximal aiming method is applied. A central object
in our methods is the value function V of the underlying problem. The
value function will be discussed in some detail subsequently, but let us
define it here and discuss it informally. Given an initial phase (7, ),
where 7 < T and o € R™, V (7, ) denotes ¢(Z(T")), where Z is an opti-
mal trajectory satisfying z(7) = «. By an optimal tajectory we mean a
trajectory on [r,T] corresponding to an optimal open loop control u(t)
(not a feedback). The plan of this article is as follows. In the next
section, we provide the required preliminaries in nonsmooth analysis.
Then in §3 We will show that the main theorem in [14] generalize in
a meaningful way if the standing hypotheses ( SH) in that result are
relaxed to ;
(SH¥)
(a) For each point (¢,x) € R x R™, F(t,z) is a bounded subset of R"™.
(b) Linear growth: There exist ;3 > 0 and 9 such that

[oll <mllzl[ +72 Vve Ftz), V(,z)eRxR"

(c) F'is upper semicontinuous on R x R™; that is, given (¢,x2) € RxR",

for any € > 0 there exists § > 0 such that

(t,x) — (',2")|| <6 = F(¥',2") C F(t,x) + eBpi1.

2. PRELIMINARIES

2.1. Nonsmooth analysis background. A general reference for this
section is Clarke, Ledyaev, Stern and Wolenski [8]; see also [6], Clarke
[2], [3] and Loewen [13]. Let S be a nonempty subset of R”. The distance

of a point u to S is given by

dg(u) := inf{||lu — z|| : z € S}.
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The metric projection of u on S is denoted

projs(u) = {z € § : [lu— af| = ds(u)}.

If u ¢ S and = € projg(u), then the vector u—x is called a perpendicular
to S at x. The cone consisting of all nonnegative multiples of these
perpendiculars is denoted NI (z), and is referred to as the prozimal
normal cone (or P-normal cone) to S at x.

Let f : U — R be continuous, where U C R" is open. Denote the

epigraph of f by

epi(f) :=={(z,y) eUxR:z €U,y = f(x)}.

A vector ¢ € R" is said to be a prozimal subgradient (or P-subgradient)

of f at x € U provided that

(¢:=1) € Negip) (=, £(2))-

The set of all such vectors is called the P-subdifferential of f at x, denoted
Opf(x). The limiting normal cone (or L-normal cone) to S at = € S is

defined to be the set
N (@) ={C: G = ¢ G €NE(i), v — a}.

We now summarize some required facts from nonsmooth calculus:

(a) Sum rule: Suppose that g is C? near a point € U. Then

Op(g+ f)(@) C g'(z) + Op f(2), (6)

where ¢’ denotes the Fréchet derivative.
(b) Local Lipschitzness: Assume U to be convex as well as open. Then

f is Lipschitz of rank K on U iff

IKI<K V(e€dpf(zx) YVael.
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(c) Sublevel sets: Let f be Lipschitz on U (open and convex) and let
a € R. Denote

S(a) :={xeU: f(x) <a}.
Consider the differential inclusion (or generalized control system)
i€ F(t,a), (7)

where by a solution or trajectory of (7) on an interval J we mean an

absolutely continuous function t — z(t) € R™ satisfying (7) a.e. on J.

3. UNIVERSAL FEEDBACK CONSTRUCTION IN OPTIMAL CONTROL

In this work we extended the main result in [14] to a situation wherein
the hypotheses on that dynamics were significantly relaxed; in particu-
lar, we dropped the assumptions of convexity and closeness of the mul-
tifunction F'(t,z). It was also shown that the lipshitz hypotheses on
F(t,z) can be relaxed to upper semicontinuty.

We now define a new multifunction

F(t,z) := @|F(t,z)].
One can use Carathéodory’s theorem in order to show that F , which is
obviously compact convex valued, is also upper semicontinuous. Con-
sider the parametrized family of optimal control problems {P(r, )},
where (7, ) € (—o0,T] x R", involving the minimization of ¢(x(7T')) over
all trajectories z of the differential inclusion #(t) € F(t, z(t)) satisfying
x(T) = «. Since compactness of trajectories holds for these dynam-
ics, the minimum in each problem P(7,a) is attained, and we denote
the associated value function by ‘7(7', a). Also, if f is any feedback
(i.e. selection) of F, then for any compact time interval [7,T] and any
a € R, there exists at least one FEuler solution of the initial value prob-

lem i = f(x) satisfying 2(7) = a, and it is necessarily a solution of the



112 11" Seminar on Mathematical Analysis and Its Applications

differential inclusion & € F(z). (These facts can be found in [8].)

The generalization of Theorem 3.1.2 in [14] that we wish to prove is

the following.

Theorem 3.1. Suppose that the multifunction F satisfies (SH*) and
that the cost functional ¢ is continuous. Let M > 0 and ty € (—oo,T) be
given. Then given € > 0, there exists a feedback f. for ﬁ—i—aBnH and a
scalar i > 0 such that the following holds: Given any initial data

(1,a) € [to, T x M B, (8)

and any partition © of [1,T| with diam(rw) < fi, every Euler polygonal

arc x; of the initial value problem
o(t) = fe(t, z(t), (1) =a (9)
satisfies

U(zx(T)) < V(r,a) +e. (10)

Proof: As in the proof of theorem 3.1.2 in [14], we again assume 0 <
to < T, and we work with a rectangle C' := [0,7] x MR"™. As earlier,
there exists My > 0 such that for any feedback of F+ €Bp+1, any initial
data (7,a) € C, and any partition 7 of [7,T], the Euler polygonal arc

x, generated by on [1, T satisfies
[(zr(@) < My Vit € [7,T]. (11)
We again denote Cy := [0,T] x 2M;B,,. Then for any (1,a) € C,

(t, (zx(t)) €[0,T) x M1B, C C; Vte|[r,T). (12)
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We recall a result on multifunction approximation (see Deimling [10]):
Given ¢ > 0, there exists a compact convex valued multifunction Fe ,

Lipschitz on C1, such that

~

F(t,x) C F(t,2) C F(t,2) 4 eBny1 V(t,2) € C. (13)

Hence F¢ satisfies the original standing hypotheses (SH),
(SH)
(a) For each point (t,z) € R x R", F(t,z) is a nonempty compact
convex subset of R”.

(b) Linear growth: There exist positive numbers ~; and 72 such that
oIl < mllz|| +v2 VYove F(t,x), VY(t,z)eRxR"

(¢) F is locally Lipschitz on R x R™; that is, to every bounded set
S C R x R™ there corresponds K > 0 such that

F(ty,z1) C F(ta, w2) + Kl|(t1,21) — (t2,22)[| B V(ti, @) € 5,1 =1,2,

and F¢ is an upper approximation of F =coF on C1. We denote by Ve
the value function obtained when the dynamics are given by & € F “(x).
In view of the first containment in (13), it is clear that for any € > 0

and F* as in (13), one has
Vi(r,a) < V(r,a) V(r,a)eC. (14)

Hence, it suffices to prove a version of the theorem in which the inequal-

ity (10) is replaced by
U (T)) < VE(r,0) +e (15)

for some € > 0. Observe that because V¢ is associated with dynamics
satisfying (SH), Lemma 3.2.7 in [14] holds true, with the notational
change that the extended lower Hamiltonian hr be replaced by hs.,
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and where the sublevel sets S(a) are replaced by 5¢(a), which are those
of (V)P where

(VO (r,0) = Vi(r,0) + B(T — 7).

This version of the result will follow from the fact that for given ¢ > 0

and for any a € [am,, ay], one has

_ /8 ~ .

hﬁs(t’%ﬁ) < _RTEHT}H V(t,x) € Se(a) N lnt(cl)’ VU € Né?s(a)(t’x)a
(16)

where 725 = k¢ + 1 and ¢ is a Lipschitz constant for V< on (C}). In
the remainder of the proof the inequality (16) can be used in proving
Theorem 3.1.2 in [14]. The remaining details are similar to the proof of

that Theorem .0J
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ABSTRACT. In classical theory of distributions( Schwartz-Sobolov
theory), nonlinear operations on distributions such as product of
distributions is not possible. As a result when we want to solve some
partial differential equations such as Burgers one, we will encounter
some ambiguities. Recently Colombeau proposed a new generalized
function theory which can be used to remove these ambiguities. In
this paper we consider a simplified model of elasticity and solve
its equations in colmbeau theory. It is possible to handle other

nonlinear partial differential equations in this framework.

1. INTRODUCTION

Classical theory of distributions, based on Schwartz-Sobolev theory
of distributions, doesn’t allow non-linear operations of distributions [1].
In Colombeau theory a mathematically consistent way of multiplying
distributions is proposed. Colombeau’s motivation is the inconsistency

in multiplication and differentiation of distributions. Take, as it is given
117
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in the classical theory of distributions,
" =40 Vn=23,..., (1)

where 6 is the Heaviside step function. Differentiation of (1) gives,

ng"t e =49 (2)
Taking n = 2 we obtain
200 =0/ 3)
Multiplication by 6 gives,
20%0' = 00’ (4)
Using (2) it follows
= (5)

which is unacceptable because of #” # 0. The trouble arises at the origin
being the unique singular point of # and 6. If one accepts to consider
O™ £ 0 for n = 2,3, ..., the inconsistency can be removed. The differ-
ence 0" — 0, being infinitesimal, is the essence of Colombeau theory of
generalized functions. Colombeau considers 6(t) as a function with “mi-
croscopic structure” at ¢ = 0 making 6 not to be a sharp step function
( Fig.1), but having a width €[2]. 0(¢) can cross the normal axis at any
value 7 where 0 < 7 < 1. With this picture in mind it is interesting
to note that the behaviour of #(¢)" around ¢t = 0 is not the same as
0(t) , i.e., 0"(t) # 0(t) around ¢t = 0. In the following we give a short

formulation of Colombeau’s theory.
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2. A SHORT REVIEW OF COLOMBEAU THEORY

Suppose ® € D(R"™) with D(R™) the space of smooth(i.e. C*) C-

valued test functions on R™ with compact support and

/Cb(x)dx =1 (6)

For € > 0 we define the rescaled function ®¢(x) as

(z) = S @(-). (7)

Now, for f : R™ — C, not necessarily continuous, we define the smooth-

ing process for f as one of the convolutions

/f 'y, (8)
) = / F)®(y — z)d"y. (9)

According to (7), equation (9) has the following explicit form

/f o)y, (10)

This smoothing procedure is valid for distributions too. Take the distri-

or

bution R, then by smoothing of R we mean one of the two convolutions
(8) or (9) with f replaced by R. Remember that R is a C-valued func-

tional such that
® € D(R") = (R, ®) € C, (11)

where (R, ®) is the convolution of R and ®.

Now we can perform the product Rf of the distribution R with the
discontinuous function f through the action of the product on a test
function V. First we define the product of corresponding smoothed

quantities Re with fE and then take the limit

(Bf,¥) = lim Re(x) fe() ¥ (z)d"z. (12)
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The multiplication so defined does not coincide with the ordinary multi-
plication even for continuous functions. Colombeau’s strategy to resolve
this difficulty is as follows. Consider one-parameter families (f¢) of C*

functions used to construct the algebra
EMR") ={(fe) | fe € C*(R™) VKCR" compact,

VaeN' INeN, In>0, ¢ >0

such that sup |D®fe(x)] <ce™™ VY0 <e<n},
€K

where
olel

D" = ot (14)

and

laf = a1 +ag+ -+ an.
Accordingly, C*-functions are embedded into £y (R™) as constant
sequences. For continuous functions and distributions we require a

smoothing kernel ¢(z), such that
/dnaz o(x) der =1 and /d"m %p(z) =0 |a > 1.
(15)
Smoothing is defined as (10) for any function f. Now, we have to identify

different embeddings of C* functions. Take a suitable ideal N(R™)
defined as

NR™) ={(f) | (fe) € Em(R") VECR™ compact,

YVaeN' VNeN dnp>0, dc¢c>0,

such that sup |D®fc(z)| <ce V0 <e<n},
reK

(16)
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containing negligible functions such as

1 _
f@) - [ o510, a7)
Now, the Colombeau algebra G(R™) is defined as,
ny _ EM(RY)

A Colombeau generalized function is thus a moderate family (fe(z)) of
C®° functions modulo negligible families. Two Colombeau objects (f)

and (g¢) are said to be associate (written as (g¢) ~ (fe)) if

lim d"z (fe(r) — ge(w)) p(z) =0

e—0

V ¢ € D(R™). (19)

For example, if p(z) = ¢(—z) then 60 ~ 34, where § is Dirac delta func-
tion and 0 is Heaviside Step function. Moreover, we have in this algebra
0" ~ 0 and not "™ = #. For an extensive introduction to Colombeau

theory, see[2-7].

3. AN EXAMPLE: A SIMPLIFIED MODEL OF ELASTICITY

In the system of elasticity Hooke’s law in terms of the stress o can

d

d 1.2 _ 0 0 E
be expressed as f;o = k“u, where 3 = 5; + ug; and lower-case indices

show derivatives with respect to these indices. Now the equations of

system of elasticity are,
pt+ (pu)z =0 balance of mass
(pu)¢ + (pu®)e = 0,  balance of momentum
ot +uoy ~ k*u, Hooke's law (20)

where p = density, u = velocity and k? = constant. Equations (20) are

stated with three associations since we know this statement is a faithful
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generalization of the concept of weak solutions of systems in conservative

form.

3.1. Jump conditions. We seek travelling waves solutions of (20) of
the form

u(x,t) = AuH (x — ct) + y

o(z,t) = AcK(z — ct) + oy

p(z,t) = ApL(z —ct) + py (21)

with H, K and L three Heaviside generalized functions. Putting (21)
into the first equation of (20) we get (assuming Ap # 0)

c—uy :Au+p1Au (22)

Ap’
The second equation of (20) gives

(¢ —up — Au)(yAp + prAu+ ApAu) = wpAu — Ao. (23)

These two equation are exactly the classical Rankine-Hugoniot jump
conditions, since these equations are in conservative form. The last
equation of (20) gives

;g%

c—u = AAu — Ao

(24)
and

HK' ~ A (25)

where A is a real number. Now equations (22),(23) and (24) can be

rewritten as

Au
= AAu — k2=
c=u;+ u—=k Ao
Au 1.1 1. Au 1
2_ - | — - | — = - —
k Ao 2[,01 + pr]Aa [A 2]Au

pipr(Aw)? = ~AcAp. (26)
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As usual we find that the jump conditions of (20) depend on an arbitrary

parameter, the real number A.

3.2. Resolution of the Ambiguities. Now according to Colombeau

theory we can state equations (20) in more precise form
pr+ (pu)z =0
(pu)e + (pUQ):r =0z
o+ uoy ~ K ug. (27)
The first two equations of (27) are equivalent to

pt+ (pu)e =0

1
Up + Uy = — 0y (28)
p

since p # 0. It is convenient to set v = %, where v is called the specific

volume. Then (28) takes the form

vt + uvy — vuy =0

ug + vy — voy = 0. (29)
Now we can restate (21) in the following form
u(z,t) = AuH (x — ct) +
o(z,t) = AcK (z — ct) + oy
v(z,t) = AvM(z — ct) + v (30)

with H, K, M =~ 0, the Heaviside function. The first equation in (29)

gives

(c—wy —AuH)M'+AuH'M+Au%H':O. (31)



124 11" Seminar on Mathematical Analysis and Its Applications

The jump condition of the first equation of (27) is

c—u _ pr

Au  Ap

with pr = Ap+ py

which can be written as

C— Uy (Y
Au Av’

Then (31) gives

v . /
Ay H]M = [+ M)A

Putting(30) into the second equation of (29) we can obtain:

c—u Ao

H — HH' AvM K =0.
Au +( v +01)Au2 0

The jump condition of the second equation in(27) gives

B (Au)2
Av = NV

Now we can consider equations(33),(35) and (36) together to find

Uy

[ v
Av

H|H' =
+ H] A

+ MK’
Setting a = & > 0 then (34) and (37) are the system

(a+H)M' = (o + M)H'

(a+ H)H = (a+ M)K'.
Now these equation can be rewritten as
(a+H)M —HH—-aH =0

a+ H
K =——H.
a+ M

(32)

(34)

(35)

(39)



Application of Colombeau Theory to Partial Differential Equations 125

Since H and M are null on (—oo, 0] and identical to 1 on |0, +00), an ap-
plication of the classical formula for the solution of ordinary differential

equation
a(z)y’ + b(x)y + c(z) =0 (40)

allows to compute M as a function of H from the first equation of (39).
One find M = H. This method relies upon the extension to G of the
classical study of ordinary differential equations of the above kind. One
can check that in this case the classical formula makes sense and provides
a unique solution in the sense of equality in G.

This approach can be considered as a particular case of a much deeper
study of linear hyperbolic systems with coefficients in G. There one
can proves the uniqueness of the solutions of the Cauchy problem; this
argument of uniqueness gives at once the result that M = H. THen
the second equation in (39) gives K = H. Now we have resolved the

ambiguities,
1
HK’:HH’:§5 (41)

and therefore A =

As a conclusion to above argument we can state the following theorem:

N[

Theorem

The system of two equations and three unknowns

Pt + (pu):c =0

(pu) + (pu?)e — 00 =0 (42)
is equivalent to the system(v = %)

V¢ + uvy —vu, =0

U + Uy — voy = 0. (43)
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Further, travelling waves of the form
w(z,t) = AwH, (x — ct) + w; (44)

with w = v, u, o successively (Aw, ¢, w; € R and H,, a Heaviside generalized
function), are solution of (43) if and only if H, = H, = H, plus the classical

jump condition of (42).

4. CONCLUSIONS

Since the classical theory of distributions is disable to handling nonlinear
operations on distributions, Colombeau theory of generalized functions give a
reasonable framework to do such nonlinear operations and as a result this the-
ory can be used to remove ambiguities of classical theory. In this paper we have
used this new theory to solve the equations of a system of elasticity. Although
physically this problem must have unambiguous traveling waves solutions, clas-
sical theory of distributions for such a solutions encounter some ambiguities.
In the line of removing these ambiguities we arrived at the important result

between Heaviside step function and Dirac d-function, relation (41).
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ABSTRACT. We will show that the notion of convolution can be
extented, in a natural way, to homogeneous spaces. with only minor
constraints.This convolution maintains the basic properties of the
classical convolution on locally compact topological groups. This

construction paves the turn can be used in many applications.

1. PRELIMINARIES

Let X be a (locally compact) topological space. and let S be a semi-
group acting on X, i.e. ther exits a mapping (called action ) (s,z) —
sz S x X — X such that s(tz) = (st)x for all s,t € S, x € X. S'is
said to act transitively on X if for each pair z,y € X, there exists an
element s € S, such that sx = y. As a special case we shall consider
homogeneous spaces, i.e. the case wher a locally compact topological
group G, acts transitively on a locally compact topological space X, such
that the action is jointly continuous, and for every z € X the mapping
Ty 1 g — gxr : G — X is an open mapping ofGonto X. if so, then X is
homeomorphic to G/Gz, for every x € X, where G, = {g € G : gz = x}
is a subgroup of G. For this reason, in the sequel we shall denote any of
the mappings g — gx simply by 7, without referring to w. A positive

regular Borel measure p on X is called G-invariant if for each Borel
127
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subset B of X, and each g € GG, we have

w(gB) = u(B)

where gB = {gz : © € B}. pis called relatively G-invariant if ther exists

a continuous mapping A : G — R™, such that,

n(gB) = A(g)u(B).

It can be proved that A is homomorphism into R™, the multiplicative

group of positive real numbers. It can also be proved that

/ f(@)dpu(z) = Ag) / F(g)dpu(z).
X X

The existence of a G-invariant or a relatively G-invariant measure de-
pends both on GG, and X, and also on the nature of the action. Let X
be a homogeneous space relative to the topological group G, and let the
mapping 7 : G — X be a proper one, i.e. the image of each compact
subset of G under 7 is compact in X. Then for each f € Cyo(X), the
space of functions of compact support on X, we have fonm € Cy(G).
Suppose also that X carries a G-invariant measure u. By choosing asuit-
able factor of proportionality, we can have suitable Haar measure dg, on
G such that for each f € Cyo(X)

/G fom(g)dg = /X F(2)du(X).

under the above assumptions we can make the following definition. No-
tice that the condition of unimodularity is added for convenience only,
and can be avoided by introducing some modifications.

The background material we will need can be found in [2],[3], and [4].
2. Definition. Let X and G be as above. Furthermore, suppose that
G is a unimodular group. Let 1 < p < oo, and % + % = 1. Then for
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f € LP(G),h € LX), we define the convolution of f and h by

/f (g~ xdg (x € X).

Using Holder’s inequality, we can prove that the above integral exists,
and in fact is bounded by ||f||,||h||q. Furthermore, we have

3. Theorem. if f and g are as above, and 1 < p < oo, then
fxhe Cy(X).

Proof. We first prove that f«h is continuous. Let zg € X be an arbitary
point and let h,,(g) = h(gxo) for g € G. Then supposing that = goxo,

once again by Holder’s ineqality

% hiz) — f % hzo)| = | /G F(@)hlg) — F(g)hlg™ z0))dg]

Q=

< 11 [ Ih(g ™) = bt aw)itd)
~ 1 a5 90) = Pl

= 11711 /G ()0 (9™) — g (g™ ) [9)
11l l1(e0)g0 — Pralla

wich tends to zero as x tends to zy (i.e. as gp tends to e, the identity
element of (). notice that we used the unimodularity of G fir obtaining
the last equality. However without this aasumption it is not hard to
prove the continuity of f x h. Now to prove f * h vanishes at infinity.
Let € > 0 be arbitrary, and K; C G, and K2 C X be compact sets such
that

/ Fg)Pdg < & and/ Ih(2) [ 7du(z) < ¢,
G\K1 X\K>

Obviously if z ¢ K1 K», then g~ 'a ¢ Ky for any g € K;. Therefore

f* bz !</!f (g1 2)|dg
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< /K 1f@)hly ™o + / F(@)h(g™ 2)ldg

G\K1
Once again by Holder’s inequality

Jesey F@h(a™ 2)ldg < (fer s, 17(0)Pdg) (i e, (g™ 2)]0dg) &
elinll,

We also have

-1 P % =19 l
/K 1@l x>|dgs</K 1f(o)dg) </ g a)"dg)

K1
I £l /G . ()| % dp(y))

ellfllp-
So for x ¢ K1 Ky, |f xh(x)] < e(|| fllp + || b llg). since K1 K5 is a

compact subset of X, this means tath lim, ,~ f*h(z) = 0. We now try
to define the notion of a Fourier algebra, for a homogeneous space. This
extends the notion of Fourier algebra of a (non-abelian) locally compact
topological group as defined by Eymard[l]. Let G and X be as above,
and let T(G, X) denote the projective tensor product L?(G® L?(X), and
denot the norm of an element ¢ € T(G, X) by || ¢||r. By definition of
projective tensor product, given any € > 0, and ¢ € T(G, X), there exist
a sequence a, C C, and tow sequences f, C L?(G), and h, C L?*(X)

such that
@(g,x) = Zanfn(g)hn(x) (g eG,x e X)
n=1
and
> lanlllfa ll2 1A l2< |z + &
n=1

Define the mapping P : T'(X,G) — C(X), by

P(o)(z) = /Gw(g,glw)dg
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In other words, P is the mapping induced onT'(G, X) by

P(f h)(z) = /G f(9)h(g™"x)dg

ie. P(f®h) = fxg. So as we have already seen ||P(f®h||;nfty <

17 Iz |[hll2, which implies || P = 1.

4. Definition. We denote by A(G, X), the Banach space T(G, X)/P~1(0),
and we call it the Fourier algebra of X, with respect to G. The norm

of element f € A(G, X) is denoted by || f ||a. It should be noticed that
although we can think of elements of A(G, X)) as functions on G x X,
but the induced isomorphism A(G,X) — C(X) allows us to corsider

it as a subspace of C(X), but normed with the quotient norm | ||4.

Obvously for ¢ € T'(G, X), we have

I P [I< [l

5. Theorem. A(G,X) C Cy(X), and for p € A(G,X), we have

I elloo < llella-

Proof. By Theorem 3, for f € L?(G),h € L*(X),P(f®h) = f*h €
Co(X). therefore

P(L*(G) ® L*(X)) C Cy(X).

Since P is continuous, and Cp(X) is a complete linear space, we can
extend P to the completion of L?(G) ® L?(X), i.e. L*(G) ® L*(X) and
the image of P remains inside Cy(X). The inequality || ¢||co < ||¢]|a-
is a consequence of the inequality || P(f ® k) ||< |[fll2 || h||2, and
the definition of the quotient norm. The space A(G, X) has many nice
propeties, among which we mention that it is a Banach algebra. We
hope to use these properties in wavelet theory, and signal processing an

upcoming article.
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ON THE DERIVATIVE OF HERMITIAN DISTANCES
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ABSTRACT. We will consider the “ derivative ” of the distance in-
duced by a Hermitian metric on complex manifolds. This notion
will be applied to some function spaces on complex manifolds and

a theorem in classical function theory will be generalized.

1. INTRODUCTION

Let M be a connected complex manifold and T'M be its complex
tangent bundle. A differential metric on M is a function f : M — R

satisfying the following condition:
flaXy) = la|f(X), for each X, € T, M and a € C.

An upper semicontinuous differential metric is called a Finsler metric.
If we consider the integrated form of a Finsler metric f, i. e. the

function F': M x M — R>( defined by

1
F(z,y) = inf{ /0 S (0t}

where the infimum is taken with respect to set of piecewise differentiable
curves v : [0,1] — X such that y(0) = = and y(1) = y, then F is a

pseudo-distance.

1991 Mathematics Subject Classification. 32H20.
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Note that, if h is a Hermitian metric on a complex manifold M, then

the function h : TM — R>q given by

WX.) = h(Xe, Xo)V2, VX, € TuM,
is a continuous Finsler metric.

The second example is given by the Kobayashi-Royden [5] metric k.
This Finsler metric is defined by

k(Xz) :==1inf{a > 0:3p: D — M, ¢(0) = z and gp’(a(%) ) =Xz}

A complex manifold M is called hyperbolic if the pseudo-distance K
induced by the differential metric k is a distance.

The derivative of a pseudo-distance d on a complex manifold M is a
function F'(d) defined on the tangent bundle T'M by

F(d)(X,) = limsup 200 7Q). (1)
£-50 2|

where 7y is a curve in M defined in a neighborhood of 0 in R with (0) = x
and v/(0) = X,.

One can prove that (1) does not depend on the curve v and F(d)
is a differential metric on M. We will prove that the derivative of a
Hermitian distance on a complex manifold M, induced by a Hermitian
metric is in fact equal to that metric.

Let M and N are connected complex manifolds of dimensions m and
n with differential metrics Fj; and Fly, respectively.

We say that a mapping f € H(M,N) is of bounded expansion if it

satisfies

£l = sup{llf' ()l : p € M} < o0, (2)

where

17 @I = sup{Fn (f'(p)Xp) : Xp € TyM, Fu(Xp) =1} (3)
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Usually, M will be hyperbolic and Fj; will be the Kobayashi-Royden
metric kps while N will be Hermitian and Fy will be the Hermitian
metric hy. The class of mappings of bounded expansion will be denoted
by E(M,N).

Let Fy and F; be two differential metric such that for each 0, # X, €
T,M

Then
hy (f' () Xp) _ h(f'(p)Xp)
b TR mota Bi(X) "
= sup hN(f/(P)Xp)-
F1(X,)=1

If M is hyperbolic and (p, ) represents the tangent vector X, € T,,M
in a coordinate neighborhood of p € M then, kas(p,§) # 0 for £ # 0,
and by (4) we have

Vo hn(f(p), f'(p)§)
Hf(p)ll—kM?;g#o 08

~hn(f(p), ' (9)§) (5)
€]=1 kv (p, §) ’

where | | is the Euclidean norm in C™.

Note that (5) does not depend on the coordinate neighborhood around
pe M.

If N is noncompact, we refer to mappings of bounded expansion as
Bloch mappings and if IV is compact we refer to them as normal map-
pings.

For the case of normal mappings our definition is consistent with
Hahn’s definition of normal mappings in [2]. One can verify that our
definitions coincide with the classical definitions of Bloch and normal

functions, respectively.
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2. HERMITIAN DISTANCES

Theorem 2.1. Let Q be a domain in C", §: Q@ x C" — R>q a contin-
uous function such that for each a € 2, §(a,.) is a C-norm and let d be

its corresponding distance. Then, for each a € Q and & € C",

lim 1d(a,a+t§) = 6(a,§). (6)

t—0t t

Proof. By definition d(a,b) := inf{fo1 d(a(7),d/(1))dr} where the infi-
mum is taken over all piecewise smooth curves « : [0, 1] — € joining a
and b. Fix a € Q and £ € C", £ # 0. Taking (1) := a + t7€, we see
that

1 1t
lim sup ;d(a,a—i—tf) §limsup;/ d(a + tr€, t&)dr
0

t—0t t—0t

t
= lim sup % / d(a + s§,€)ds
0

t—0+

< 6(a, ).

So far, we have used the fact that § is upper semicontinuous.

Conversely, fix 0 < # < 1. Since § is continuous, for g € C" with
Ino| = 1, there exist neighborhoods Uy, C Q of a and V;, C C" of 7
such that 6(z,m) > 6d(a,n) for each z € Uy, and n € V.

Since the unit sphere S”~! in C" is compact one can find a neighbor-
hood U of a such that &§(z,1) > 65(a,n) for each z € U and n € S"~L.
Since d(z,.) is a C-norm, it follows that for each z € U and n € C",
(z,m) = 05(a,n).
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For small ¢ > 0, there exists a geodesic v : [0,1] — U C U, with
7(0) = a, 7(1) = a + t§. Therefore

1
ama+w>:[;&%w»%w»my
1
zeéaw%v»m,

> 06(a, /0 Ye(T)d7),
= 06(a, (1) —7(0)),
= 64(a, t&).

The second inequality follows from the fact that d(a,.) is a complex

norm. It follows that
1
liminf —d(a,a + t&§) > 66(a,§).
t—0+ T
Hence, the proof is complete. ]

Lemma 2.2. Let Q and d be as in the previous lemma, Q1 C C™ and

f: Q1 — Q a holomorphic mapping. Then, for a € Q1 and £ € C™,

lim ~d(f(a), f(a+1€)) = 8(f(a), £ (a)€).

=0+
Proof. We shall prove that for each b € €, there exist M,r > 0, such
that d(2/,2") < M|z = 2"||, for all 2/,2" € B,(b) C G. To see this,
fix b € Q and choose 7 > 0 such that B.(b) C . Since § is upper
semicontinuous, there exists M > 0 such that §(z, &) < M||£]|, for each
z € B,(b) and each ¢ € C". Tt follows that for 2/, 2" € B,.(b),

1
d(',2") < / S +t(2 =2, 2" = 2)dt < M2 —2"|. (7)
0
We claim that

. 1
(6,€0) = lim (b, +t€). (5)
§—%o
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Choose M and r as above. Then for 0 < ¢ < (r/2)/(||é]| + r/2) and
§ € B, 2(60) we have |[b+t€ — b|| < r/2. Hence, by (7),

d(b +t&o, b+ &) < Mt||§ — ol

Therefore,

d(b,b+t&) < d(b,b+ t&y) + d(b+ t&, b+ t&)
< d(b, b+ t&o) + M€ — &ol|-

Similarly,
d(b,b+t&n) < d(b, b+ t&o) + Mt||§ — &ol|- 9)

Applying the previous theorem we have,

1 1
lim —d(b,b+t&) = lim —d(b,b+t&) = 6(b . 10
T Ld(bb+1€) = i Ld(bb+18) = 0(bi0). (10
§—8o

Hence our claim in (8) is proved. With the help of this fact, for a €
and ¢ € C™ we have,

lim ~d(f(a), f(a+1€)) = Tim ~d(f(a), f(a) + H(f (@)€ + o(1)))

t—0t t—0t
= 6(f(a), f'(a)8).

O

Theorem 2.3. Let M and N be hyperbolic and Hermitian manifolds,
respectively. Then the function f — || f'|| from the class of holomorphic
bounded expansion mappings E(M,N) equipped with the compact open

topology to R is lower semicontinuous.

Proof. Let {f,} be a sequence in £(M, N) which converges to a holo-
morphic mapping f uniformly on compact subsets of M. Let {|f;, II}
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be a subsequence of {||f/ ||} converging to «. For a given ¢ > 0 and
p, ¢ € M, p # q, there exists n. € N such that for ng > n. we have

e

2K (p,q)’ a

|1 ll = al <

and

dn(fr,(P), f(P)) <e/4, dn(fn, (@), fq)) < /4. (12)
On the other hand, since for each n € N, f,, € N(M, N), according
to the definitions of || f/ (z)|| and ||f}||, for each z € M and £ € C™
hv (fn(@), fo(2)€) < [l fnllkeas (2, €).

By integrating along any C'! curve connecting p to g, we have

AN (fa(P), fo(@)) < I foll K ar (p; @)
Hence employing (11) and (12), for nj, > n. we obtain
dn(f(p), f(@)) < dn(f (D), fui (D)) + AN (fri(P), fr(0))
+dn(fa(a), ()
<e/2+ |1 1K (p,q) < €+ aKu(p,q).

Therefore

dn(f(p), f(q)) < aKu(p,q). (13)

Now applying Lemma 2.2 and also the first part of Theorem 2.1 locally,
for each p € M and each £ € C™, we have

A (£ 0), S/ 0)€) = lim, 2 (F(0), (0 +1€)

1
< alimsup — Ky (p, p + t&)
tot 1

< aku(p; §).

It follows that f € £(M, N) and || f’|| < .. The assertion is thus proved.
O
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BANACH FUNCTION ALGEBRAS
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ABSTRACT. Let X be a hemicompact space with (K,) as an ad-
missible exhaustion and let (An,|.||») be a sequence of Banach
function algebras such that A, C C(K,) and An41|x, € A, and
1flxnlln < IIfllns1, n € N, f € Any1. We define a new algebra
A={feC(X): flk, € An,n € N} and show that if A separates
the points of X then it is a Fréchet function algebra on X under
some topology. In the case that each A, is natural we give a result
related to the spectrum of A. We also show that if X is a hemi-
compact noncompact space then a closed subalgebra of A can not
be normable as a regular Banach function algebra. As an applica-
tion of the results the Lipschitz algebra of infinitely differentiable

functions is considered.

1. INTRODUCTION

Let X be a compact Hausdorff space. We denote the algebra of all
continuous functions on X by C'(X) and the uniform norm of f € C'(X)
by ||f||x. A subalgebra of C(X) which contains the constants and sep-
arates the points of X and is a Banach algebra under a norm is called
a Banach function algebra on X. The uniform norm of an element in a

2000 Mathematics Subject Classification. Primary 46J10 ; Secondary 46M40
Key words and phrases. Fréchet function algebras, Fréchet Lipschitz algebras,

Projective limit.
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Banach function algebra does not exceed from its norm. If the norm of
a Banach function algebra is equivalent to the uniform norm then it is
called a uniform (Banach) algebra.

A topological algebra is called a locally multiplicatively convex algebra
(LMC-algebra) if there is a local basis (U,) of convex neighborhoods of
the origin such that each U, is submultiplicative (that is U,.U, C U,).
A topological algebra A is called a @Q-algebra if the set of quasi-regular
elements of A is open in A. This is equivalent to say that the set of all
quasi-regular elements of A has an interior [1].

By a Fréchet algebra we mean an LMC-algebra which is moreover
complete and metrizable. So the topology of a Fréchet algebra can be
defined by a sequence (p,) of separating, submultiplicative seminorms
on it (pn(fg9) < pu(frn(g), f,g € A). Without loss of generality we
can assume that p, < p,41 and p,(1) = 1, if A has unit. We denote a
Fréchet algebra A with this sequence of seminorms by (A, (py)).

In this paper we assume that all algebras are unital.

Let (A, (pn)) be a commutative Fréchet algebra. The set of all non-
zero complex homomorphisms on A is denoted by S4 and the spectrum
of A, denoted by My, is the set of all non-zero continuous complex
homomorphisms on A, and for every f € A, f: 54 — C, ¢ —» P(f) is
the Gelfand transform of f and A = { f vy f € A}. We always endow
S or M4 with the Gelfand topology. The Fréchet algebra A is called
functionally continuous if My = S4. As we know Mp = Sp for any
Banach algebra B. But it is unanswered whether or not each Fréchet
algebra is functionally continuous (Michael’s problem).

When B is a Banach function algebra on X we can consider X as a
subset of Mp through the map J : X — Mp,x —— ¢, where ¢, is the
evaluation homomorphism at x. We say that B is natural if J is onto

(and hence a homeomorphism).
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Let (A, (pn)) be a Fréchet algebra. It is a classical result that A
can be represented as a projective limit of a sequence of Banach alge-
bras. That is, there exists a sequence of Banach algebras (A, |.|»)
and continuous algebra homomorphisms ¢y, : Ap+1 — A,, n € N, with
dense ranges such that A = l<£n A, topologically and algebraically where
the projective limit lim A,, = {(fn)n € A, : ©n(fn+1) = fn,n € N}
is endowed with thetoordinatewise operations and the relative prod-
uct topology. Indeed each A, can be considered as the completion
of A/kerp, with respect to the norm p (f + kerp,) = pn(f). More-
over My = |J My, (as sets) or more precisely My = |Jx)(My,, ) where

Tt A — Ay,a — a+ kerp, and 7 : My, — M4 defined by

*

T,

(¢) = ¢ om, is a homeomorphism onto its image. For more details
one can refer to [3].

A Hausdorff space X is called hemicompact if there exists a sequence
(K,,) of increasing compact subsets of X such that each compact subset
of X is contained in some K,. The sequence (K,) with the above
property is called an admissible exhaustion of X.

A Hausdorff space X is said to be a k-space if every subset intersecting
each compact subset in a closed set is itself closed. So a function defined
on a k-space X is continuous if and only if it is continuous on each
compact subset of X.

Definition 1.1. A commutative Fréchet algebra A is called a uni-
form Fréchet algebra (uF-algebra) if there exists a generating sequence
of submultiplicative seminorms (p,,) for its topology such that p,(f?) =
pn(f)? forall f € Aandn € N.

Clearly each uniform (Banach) algebra is a uF-algebra.
If X is a hemicompact k-space and (K,) an admissible exhaustion of

X then C(X) is a uF-algebra under the compact-open topology which is
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the topology generated by the sequence of the seminorms (||.|x, ), and
C(X)= @C(K”)

If (A, (pn)) is a commutative Fréchet algebra and (A,,) is a sequence
of Banach algebras such that A = {iinAn then M, is a hemicompact
space and (My,,) is an admissible exhaustion of My [3]. But there is an
example which shows that in general My is not a k-space [3].

If (A, (pn)) is a uF-algebra then by identifying A with A, where A
is endowed with the relative compact-open topology, we can consider
A as a point separating and complete subalgebra of C'(X) which also
contains the constants. Moreover in this case A is the projective limit
of a sequence of uniform (Banach) algebras [3].

Clearly when A is a uF-algebra, each evaluation homomorphism ¢, :
A — C, f — f(x) is continuous and the structure map J : X —
My, x — p, is injective and continuous.

Definition 1.2. Let X be a hemicompact space and A a subalgebra
of C(X) which contains the constants and separates the points of X.
We call A a Fréchet function algebra (Ff-algebra) on X if it is a Fréchet
algebra with respect to some topology such that for every x € X the
evaluation homomorphism at x is continuous, that is ¢, € Ma,x € X.

Remark. (a) Clearly each Ff-algebra is a commutative (unital)
semisimple Fréchet algebra. Conversely if (A4, (py)) is a commutative
(unital) semisimple Fréchet algebra then by identifying (A, (p,)) with
Fréchet algebra (A, (p,)), where p(f) = pn(f), f € A, we can consider
A as an Ff-algebra on its spectrum. So indeed the class of Ff-algebras
and the class of commutative (unital) semisimple Fréchet algebras are
the same.

(b) Each uF-algebra and each Banach function algebra is an Ff-
algebra.
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Let (A, (pn)) be an Ff-algebra on X and for each n € N, A,, be the
completion of A/ ker p,, with respect to the norm p!, (f+ker p,) = pn(f).
Then Ma,, = {p € Ma : |o(f)| < pm(f),f € A}, m € Nand (Ma,,) is
an admissible exhaustion of M4 [3]. Now since J : X — My, z — @,
is continuous (and injective) {p(z) : * € K,} is a compact subset of
My, for each n € N, and so there exists some m such that {p, : x €
K.} C My,,. Therefore
I, = sup lea(H)I < sup [o(f) < I fllara, <pulf) (F€A). (1)

z€Kn pEM 4,

For n € N, let i(n) > n be the smallest integer that || f||x, < pin)(f)

holds for all f € A and define p// on A|k, by

pu(fli,) = inf{pin)(9) : 9k, = flK..9 € A} (f € A).

Then p! is an algebra norm on A|g,. Let Ak, be the completion of
A|g, with respect to the norm p!/. Then we have the following theorem:

Theorem 1.3. [6] Let (A, (pn)) be an Ff-algebra on X, and (K,)
be an admissible exhaustion of X and the sequence (Ag,) be defined
as above. Then (Ag,) is a sequence of Banach algebras, where each
Ak, contains Alk, C C(K,) as a dense subalgebra and A is dense
in im Ag, . Moreover if for each n € N, ker g, C ker pj,, where
n z'?deﬁned by ¢u(f) = || fllk,, then A = l}LnAKn (topologically and
algebraically).

Theorem 1.4. [6] Let (A, (pn)) and (B, (gy)) be Ff-algebras on hemi-
compact spaces X andY , respectively, and let T : (A, (pn)) — (B, (qn))
be a continuous monomorphism with a dense range. Then the continu-
ous and injective adjoint spectral map T* : Mg — Ma, Y —> o T is
surjective and proper (that is the inverse image of each compact set is

compact) if and only if for each m there exists some n such that

1 Iats,, < an(T()  (f € A).
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2. MAIN RESULTS

As we mentioned before each uF-algebra is a projective limit of a
sequence of uniform (Banach) algebras. There is an example which
shows that in general a commutative semisimple Fréchet algebra with
unit (which we called it an Ff-algebra) can not be represented as a
projective limit of a sequence of Banach function algebras [5]. In the
following we consider special Fréchet function algebras such that they
can be represented as projective limits of sequences of Banach function
algebras and obtain a result related to their spectrums.

Let X be a hemicompact space and (K,) an admissible exhaustion
of X. Let (A4,) be a sequence of Banach function algebras such that for
each n € N, A, is a Banach function algebra on K,, with respect to ||.|,
and Ap11|k, € Ay, and || f|k, [|n < || fllns+1 for all f € Ap4q. Now define
a subalgebra A of C'(X) as follows:

A={feC(X): flk, € Ap,n € N}.
Clearly A contains the constants and for each n € N,

pu(f) = f1xnlln: f € A

defines a submultiplicative seminorm on A. It is straightforward to
check that A is a Fréchet algebra with respect to the topology defined
by the sequence (p,,) of seminorms. Moreover for each =z € X, ¢,, the
evaluation map at x is continuous. So if A separates the points of X,
then it will be an Ff-algebra on X.

Note that when X is compact and each A,, is inverse closed, that is
1/f € A, if f € A, and f(z) # O for all x € K,,, then we can verify
easily that A is a Q-algebra. Because clearly A is also inverse closed and

for some N, K, = X, forn > N. Ifweset G={f € A: 1+ fec A™'},
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where A™! is the set of all invertible elements of A, then G has an interior
point. For example the open neighborhood V = {f € A: pn(f) < 1/2}
of the origin is contained in G. Because if f € V then since the norm
of a Banach function algebra is greater than the uniform norm we have
1Flx < I lieylly = o () < 1/2 and so (1+ f)(&) # 0, for all z € X
and since A is inverse closed 1+ f € A, that is f € G.

Theorem 2.1. Let X be a hemicompact space and (Ap,||.||n) and
(A, (pn)) be as above. Suppose that the algebra A separates the points of
X and for eachn, A, is natural. If (B, (qy)) is an Ff-algebra on X which
contains A as a dense subalgebra and the identity map I : (A, (pn)) —
(B, (qn)) is continuous then M = Mp (as sets).

Proof. For n € N let i(n) and p) and Ak, be defined as in Theorem
1.3.  We notice that here i(n) = n and if n € N and f,g € A and
[k, = gl then [[(f = g)lr,lln = pu(f —g) = 0. So pu(f) = pnl9)-
This shows that p!!(flx,) = pn(f) = || flk,lln, f € A, and so Ag,, is
indeed the closure of A|g, in the Banach function algebra (A,,|.||n)-
Therefore in this case each Ag, is a Banach function algebra on K, and
A =lim Ak, by Theorem 1.3.

—

Now since [ is a continuous monomorphism with a dense range I* :
Mp — M4 defined by I*(¢) = ¢|a,p € Mp , is an injective continuous
map. Let m € N and f € A then

1 I0tage . = Tk, (Flin) = 740 (Flin) = IF K

where 74, (f|k,,) is the spectral radius of f|k,, in A,, and the last
equality is a consequence of the naturality of A,,. On the other hand
since (B, (¢n)) is an Ff-algebra on X for each m € N there exists some

n € N such that

1 s < 1fllat, < an(f) (€ B)
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where B, is the completion of B/ ker g,, with respect to the norm ¢/,(f +
ker gn) = qn(f), f € B (see inequality (1)). So by Theorem 1.4 I* is also
surjective ( and proper). Therefore M4 = Mp as sets.

Remarks. (a) In the above theorem if My is a k-space then since I*
is a proper map the restriction of I *~! to each compact subset of M, is
continuous and so I* 'is continuous on M 4. Hence in this case M4 is
homeomorhic to Mp.

(b) The naturality of A,, in the above theorem can not be omitted.
For example let X = [0,1] and K,, = X and A, = A(D)H—l,l]’ n €N,
where D is the closed unit disk in C and A(D) is the uniform (Banach)
algebra of continuous functions on D which are analytic on D. For each
f € A, there is a unique g € A(D) such that gli—1 = f. Define
|£lln = llgllp- Then clearly A = {f € C(X) : flx, € An} = A(D)|_1.
and M4 = D and A is dense in C([—1,1]) but M¢(_1,1)) = [-1,1]

Theorem 2.2 Let X be a hemicompact non-compact space with (Kp)
as an admissible exhaustion. Let (An,||.||ln) and (A, (pn)) be as in the
beginning of this section and A separates the points of X. If B is a
closed subalgebra of the Ff-algebra (A, (py)) then B can not be normable
as a reqular Banach algebra.

Proof. Let ||.|| be a norm on B such that (B,|.||) is a regular Ba-
nach algebra on Mp. Since B is closed in A, (B, (py)) is a commutative
semisimple Fréchet algebra. By the Carpenter’s theorem (each commu-
tative semisimple Fréchet algebra has a unique topology as a Fréchet
algebra) [3] the identity map I : (B,|.||) — (B, (pn)) is a homeomor-

phism. So there exists some ng € N and a constant M such that

I < Mopno(f)  (2)

holds for all f € B.
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Choose an = € X\K,, (this is possible because X is non-compact).
Then by the compactness of K,, in X and hence in Mp and the reg-
ularity of B on Mp there exists an f € B such that f'(gpz) =1 and
fley) =0, for all y € K,,, that is f(z) = 1 and flk,, = 0. Therefore
Pno(f) = 0. Now inequality (2) implies that ||f|| = 0 and hence f =0
as an element of B which is a contradiction.

Example 2.3. Let (X,d) be a metric space and let 0 < aw < 1. The
collection of all (complex) bounded Lipschitz functions of order o on X
is denoted by Lip(X,«a). It is well-known that Lip(X,«) with respect

to pointwise multiplication is a Banach algebra under the norm |.|

defined by

[flla = Ifllx +palf)  (f € Lip(X,a)),

where pa(f) = sup, 4, HEpll and |[f]lx = sup,ex £(2)] [7).

Now let X be a hemicompact metric space and (K,) an admissible

exhaustion of X and let 0 < a < 1. Set A,, = Lip(K,,, @) and

[flln = Ilfllx, + sup (f € An).

z,yeKn da(x’ y)
TFY

above arguments A = {f € C(X) : f|k, € Lip(K,,«a),n € N} is an Ff-
algebra on X with respect to the topology defined by the sequence (py,)

Clearly A, +1lk, € Ay and ||flx, ||n < [|fllnt1s f € Ant1. So by the

of seminorms on it, where p,(f) = || f|k, |ln, » € N and f € A. Notice
that here A separates the points of X. Using Proposition 1.4 in [7] It is
easy to see that A is dense in C(X) in the compact-open topology. So
by Theorem 2.1 My = M¢x) = X.

Example 2.4. Let 0 < a <1 and X be a perfect compact plane set
which is a finite union of regular sets. By a regular set we mean a perfect
compact plane set Y which is connected by rectifiable arcs and for each

point zg € Y there exists a constant ¢ > 1 such that d(z, z9) < |z — 2o/,
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for every z € Y, in which § is the geodesic metric on Y that is §(z, zg)
is the infimum of the lengths of the rectifiable arcs joining z to zo.
Let n € N. The algebra of all functions f on X which are n-times
differentiable and for each k, 0 < k < n, f) € C(X) (f® € Lip(X, a))
is denoted by D™(X) (resp. Lip™ (X, «)) and the algebra of all functions
f with derivatives of all orders (f*) € Lip(X,a), for all k), is denoted
by D*°(X) (resp. Lip™ (X, a)).

It is well known that for each n, D™(X) and Lip" (X, «) are natural

Banach function algebras on X under the norms defined by

N
£l =S
k=0

and

LB x 4 pal(f®)
Han:kZO Xk!

respectively, where as before

palF®) = sup |f B () = FP(y)|

z,yeX de (.%', y) ’
TFY

(see [2] and [4]).

Now for each n € Nset K,, = X and A,, = D"(X) (4,, = Lip"(X, a)).
Then in this case A = {f € C(X) : f|k, € An,n € N} = D®(X) (A =
Lip™®(X,a)) = (A, and (A, (]|.][»)) is an Ff-algebra on X. Moreover

we have the following inclusions:
Ro(X) C Lip™(X, @) C Lip"(X, ) C D"(X) C D'(X),

where Ro(X) is the algebra of all rational functions with poles off X
and D'(X) C R(X), the uniform closure of Ry(X) [2]. Therefore A is
dense in R(X) and since each A, is natural we have Ma = Mpx) = X
by theorem 2.1. Indeed by the compactness of X, M4 is homeomorphic
to X.
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Remark. (a) It is interesting to notify that the algebra A defined
in Example 2.3 is not in general a Banach algebra. Indeed it will be a
Banach algebra iff X is compact.

(b) In Example 2.4 the algebras Lip*™(X,«) and D®(X) are Q-
algebras. Because in either case each A, is inverse closed. Moreover
there is no topology which makes these algebras to the Banach function

algebras because f — f’ defines a nontrivial derivation.
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A COMPARISON BETWEEN C*(N*) AND C¥(N)

B. TABATABAIE SHOURIJEH

DEPARTMENT OF MATHEMATICS,
SHIRAZ UNIVERSITY,
SHIRAZ, IRAN.

ABSTRACT. By a well-known theorem in the theory of C*-algebras
(cf. [2, Theorem 7.7.7]) if G is an amenable group then C*(G) =
Cr(G). Here we will prove that the above theorem is not valid for

the semigroup N*.

Introduction
In [4] we defined the C*-algebra of N, C*(NT); and that is the C*-
algebra generated by

o
Ve Se s e N
k=2
In this paper we will determine the minimal ideals of C*(S ® S*), and
will prove that
CHN*) # C*(N).
Throughout this paper we assume that S is the unilateral shift operator

and S§*, the adjoint of S is the backward shift operator.

We start with the following lemma.

1.1 Lemma. The C*-algebra C*(S @ S*) has a nontrivial closed two-
sided ideal.

Proof. The following simple calculations show that

(K@ K)NC*(S & S%)
153
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is non empty.
(SeS)(Ses)—(SesS")(Se s ) eC* (S S™).

On the other hand by section 2.6 of [1] we have
(SeS)(S®S)—(SeS*)(S@s*) = (5@ S5*) — (55* @ S5*S)
= (5§ - 85" ® (85 — §*9),

since
(S*S—-SS")a (SS*—-S*S) =P o (-PR)eKao K
where K is the ideal of all compact operators on £2(Z71), we see that
Pho(—P) e (Ko K)nC*(S®S").

Therefore at least (K @ K)NC*(S® S*) is a nontrivial closed two-sided
ideal in C*(S & S*). O

The following lemma is quite useful for our purpose.

1.2 Lemma. If J is a nontrivial closed two-sided ideal in C*(S @ S*)
then

Phop0eJ or 00 F eJ

Proof. For m > 0 we have
(S&5")™(Po @ (—F))((S @ 5%)")™ = S"FRy(5™)™ & (S*)"(—Fp)S™

=P,®0€eC*(S® S5

and
(S S))™ (=P @ Po)(S @ 5™)™ = (S*)" (= Fp)S™ & S Py (5™)™

=0® Py € CH(S® S*).

Now let J be a nontrivial closed two-sided ideal in C*(S @ S*). Hence
there exists a non-zero element, say C,in J. Let C = A® B. If A #0,
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then for some N > 0 we have Ady # 0. Since A@ B € JPN®O0 €
C*(S @ S*) and J is an ideal we see that

(PN®0)(A® B)*(A® B)(Py ©0) = PyA*"APy © 0 € J.
Now if z € £2(Z1), then
(PvA*APy ©0)(x ®0) = PyA*APyx
= i < PyA*Az,0; > 6; =< PyA"Adn,0n > On

=1
= < A5N,A5N >0y = HA(SNHQPJ\fx

= ||Adn|*(Py @ 0)(z & 0)

ie.,
PyA*"APy ®0 =Py ®0
Hence
Py@®0e J
Thus

(S @ S))YN(Pya0)(Sa SN =S VPySNa0=P@0eJ
If B # 0 similar argument shows that
0 Pye J

This completes the proof. O
The following theorem determines the minimal ideals of C*(S & S*).

1.3 Theorem. K ®0 and 0@ K are two minimal closed two-sided ideals
in C*(S@® S*).

Proof. Let J be a nontrivial closed two-sided ideal in C*(S & S¥).

Since S and S* have cyclic vectors by an argument similar to the proof
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of lemma 3 of [3] we see that J contains either all operators of the form

T, . @ 0 or all operators of the form
00T,
where y,z € £2(Z7), and
Ty-(z) =<z,y > 2.

Since K is the norm closure of the ideal of all finite rank operators, we
see that either K &0 C J or 0 K C J. Since J was arbitrary, the
theorem is proved. O

Now it is time for making a comparison between the reduced C*-
algebra of NT and the full C*-algebra of N* and get an important

conclusion.

1.4 Corollary. C}(N™T) # C*(N™).

Proof. C*(NT) = C*(V® S ® S* @ @ryNi). Hence C*(N1) is a
C*-subalgebra of B(H) where H = Hy & Hg ® Hg+ ® @), Hn,. The
inclusion mapping from C*(NT) into B(H) is a faithful representation
of C*(N*t) on H. For each A € C*(N1), the mapping

A= Alggong. : C*(N') = B(Hg & Hg-)

is a representation of C*(N 1) on Hg ® Hg+. By this representation the
generator of C*(N™) is mapped to S & S*. Hence

C*(S @ S*) = a quotient of C*(NT).(%)

By theorem 1.3 the left hand side of (*), and consequently C*(N ™) has
at least two minimal ideals. Since by theorem 4 of [3], C¥(N™T) has a

unique minimal ideal, the proof is complete. O
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We can summarize the result of this section in the following conclu-

sion.

1.5 Conclusion. The well known theorem ([2, theorem 7.7.7]) which

says that, if G is an amenable group, then
Cr(@)=C7(G)
does not hold for the amenable semigroup N+.
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AN APPLICATION OF THE ROSENTHAL-DOR
THEOREM IN THE DIRICHLET SPACE

B. YOUSEFI

DEPARTMENT OF MATHEMATICS,
SHIRAZ UNIVERSITY,
SHIRAZ, IRAN.

ABSTRACT. Let G be a finitely connected domain and D(G) be the
Dirichlet space. If {w,} is a sequence in G such that |w,| — 0G,
then there exists subsequence {wn, } of {wn} such that for a given
sequence {ax }x in £*° we can find a function f in D(G) satisfying

f(wny) = ar||kw,, ||

INTRODUCTION

Let G be a domain in the complex plane. The Dirichlet space D(G)
is the Hilbert space of functions f analytic on G whose derivative f’ is
square integrable. Fixing a “base point” w in G, we define a norm for
D(G) by

111y = £ + [ 1P
The norms obtained by two different base points are equivalent. Let G

be the open unit disk U and f(z) = > a,2" € D(U), then

n=0

11Dy = 1F0)1* + /U |/ldA = |ag|* + 7 nlan[*
n=1

So D(U) is a subset of the Hardy space H? and the radial limit function
of f is defined almost everywhere on OU.
It is well known that if A\ is a point of G, then the linear functional

of evaluation at A ey : f — f()\) is norm continuous on D(G). Hence
159
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to each point A\ € G there corresponds a function ky in D(G) such
that f(\) =< f,kx > for all f € D(G). The function k) is called the
reproducing kernel for the space D(G) at the point A. So convergence
in D(G) implies uniform convergence on compact subsets of G.

If ¢ is a function analytic on G with the property that ¢ D(G) C D(G),
then ¢ is called a multiplier for D(G). The algebra of all multipli-
ers for D(G) is denoted by M(D(G)). Since D(G) contains constants,
M(D(G)) € D(G). Every multiplier ¢ induce a linear transformation
M, : D(G) — D(G) defined by M, f = ¢f for all f in D(G). By the
closed graph theorem and the continuity of the linear functionals of eval-
uation at points in G, one can see that M, is a bounded linear operator
and ¢ is a bounded function, with ||| < ||My|| where ||.||s is the
supremum norm on G. Thus M (D(G)) C D(G)NH>(G) where H*(G)
denotes the algebra of all bounded analytic functions in G. Since the
function z is in M(D(U)) thus every function analytic in U is a multi-
plier for D(U). It is proved that if ¢ is a nonconstant function analytic
on U, then ||¢]|so < ||My|]. So M, can not be a contraction, since else

it should be [|[M,|| = ||¢||s for all ¢ in M(D(U)).

MAIN RESULT

First we give the Rosenthal-Dor theorem that we need it for the proof
of our main theorem.

Rosenthal-Dor Theorem: Suppose E is a Banach space and {e, }
is a bounded sequence in E. Then there exists a subsequence {e,, } such
that either

i) the map {ay}72; — i ajen, is an isomorphism of ¢! into E,

k=1
or
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ii) lilgn ©(ep, ) exists for every ¢ € E*.
Proof. See [3] and [4].

Theorem. Suppose {w,,} is a sequence in U such that |w,| — 1. Then

for some subsequence {wy,, } we have £> = {{ kankH}k feDU)}.

Proof. Put e, = IIk o for all n € N. Then {e,}, is a bounded se-
quence in D(U). Let {e,, } promised by the Rosenthal-Dor theorem, and
suppose that case (i) of the theorem holds. Let T denote the isomor-
phism from ¢! into D(G) given by case (i) of the Rosenthal-Dor theorem.
Because T is one to one and has closed range, the dual 7 maps D(U)*
onto ¢>. By the Riesze Representation theorem D(U)* = D(U). In-
deed D(U)* = {Ly : f € D(U)} where Ly : D(U) — C is defined
by L¢(g) =< g,f > for all g in D(U). Now let a = {a,} € £*°. So
a = {an}n € £>°. Since T™ is onto, there exists Ly € D(U)* such that
T*Ly = a. Recall that T*Ly = LyoT. So LyoT = a. Apply both sides
of the equation L oT = a to the vector in ¢ that is 0 except for a 1 in

the kth coordinate, getting Lye,, = aj, for every k. Thus

ap = Lfenk =< enk,f >
f(wnk)
= < ’f >=
Ew,,, Il Ky |
for all £ and so |]|c]£ "’“‘)‘ i for all k. Therefore

f(wn,)

/°° C
< {{kankn

te s f e DU,

if we can prove that case (ii) of the Rosenthal-Dor theorem never holds.
We will find A in D(U) such that lillgn Ly (ep,) does not exist: By propo-
sition 4 of [1], there exists ¢ € M (D(U)) such that ¢(wy, ) = (—1)¥ and

S0) h;f;n @(wy, ) does not exist. For suitable choices of O, e”Pk%rk is a
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positive real number for all k. Now consider the sequence {a,} of pos-
S .
itive real numbers such that 3" na2 is finite. Put ¢(2) = 3. age ="
n k=0

Then ¢ € D(U) and v(wy,, ) is a positive real number. Define h = 1.
Since ¢ € M(D(U)),h = pp € D(U) and we have:

Ln(en,) =

Tewn 1~ e, |
@Z)(wn )
T I
But
w(wnk) < w’kw”k -~
0< = < Vk) .
S Mo 1~ e 1 = IHR)

So lilgn Ly (en, ) does not exist. This completes the proof.

Consider the circular domain G = U\K;U---UKy where K1 = D; =
{z:|z—=z| <r} (i=1,...,N) are disjoint closed subdisks of the open
unit disk U. Put G; = CU{oo}\K; (i =1,...,N). Then it is proved
that:

D(G) = D(U) + Do(G1) + -+ + Do(Gn)

where Dy(G;) = D(G;) N Hy(G;) and Hy(G;) denotes the space of all
functions in H(G;) that vanishes at oo ([2]).
The above theorem can be extended for the case of circular domain

instead of the unit disk:

Theorem. Let {w,} be a sequence in the circular domain G such
that |w,| — r; for some 0 < ¢ < N (Gop = U) . Then there exists a

subsequence {wy, } such that

f(wny)
K, 1|

= e f € D(G)}.
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CYCLICITY ON A SPECIAL BANACH SPACE
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ABSTRACT. Let {8(n)}nzo be a sequence of positive numbers and
1 < p < 0. We consider the space ¢P(f8) of all power series f(z) =
S° f(n)z" such that > |f(n)[P|B(n)|P < co. We give a necessary
n=0

n=0
and sufficient condition for a polynomial to be cyclic in £7(3).

INTRODUCTION

First in the following, we generalize the definition coming in [1].

Let {B(n)} be a sequence of nonzero complex numbers with
B(0) =1 and 1 < p < oco. We consider the space of sequences f =
{f(n)}22, such that

AP = 11715 = D 1fm)PIBM)P < .
n=0

The notation f(z) = § f(n)z" shall be used whether or not the series
converges for any Valuen(?fo z. These are called formal power series. Let
¢P(3) denote the space of such formal power series. These are Banach
spaces with the norm ||.||s.

Let fi(n) = 6nk. So fr(z) = 2* and then {f} is a basis such that
[|f]| = |B8(k)|. Now consider M,, the operator of multiplication by z on
w(g):

(M. f)(z) = fln)z"*.
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In otherwords

Clearly M, shifts the basis { fx}r. The operator M, is bounded if and
only if {5(k + 1)/5(k)}, is bounded and in this case

my| _ (Bt k)

Consider the multiplication of formal power series, fg = h given by

n=0 n=0

n=0

,n=0,1,2--.

where
n

h(n) =" f(k)g(n — k),n =0,1,2,--

k=0

- B(n)
sup — " < 0
w2 | 5wam 1)

then clearly by the Holder’s inequality one can see that (P(() is a
Banach algebra.

If f € P(B) and P(z) is a polynomial, then to the vector P(M,)f
there corresponds the formal power series P(z)f(2).

Let X be a Banach space. We denote by B(X), the set of bounded
operators on the Banach space X. Let A € B(X) and z € X. We say

that x is a cyclic vector of A if
X =span{A™z :n=0,1,2,--- }.

Here span{.} is the closed linear span of the set {.}. We investigate

the cyclicity of a polynomial in ¢P(/3).
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MAIN RESuULT

Remember that if A is a complex number, then e) denotes the

functional of “evaluation at A”, defined on polynomials by

and also A is said to be a bounded point evaluation on ¢P(3) if the
functional ey extends to a bounded linear functional on ¢7(53). In this
case we use f(A) to denote ey(f) for f in P(53), see [1] for the case
p = 2. Since the polynomials are dense in ¢P(3), this is equivalent to
the existence of a constant ¢ > 0 such that |e\(P)| < ¢||P||, for all
polynomials P.

For 1 < p < 00, ¢P(f) = LP(u) where p is the o-finite measure defined
on the positive integers by pu(K) = > (8(n))?, K C N N{0}. So #(B)
is a reflexive Banach space. et
Theorem 1. The zeros of a polynomial P are not bounded point eval-

uations on ¢P(f) if and only if P is cyclic.

Proof. Assume that P(z) = (z—A1)(z—A2) - -+ (2—\;,,) and \}s are not
bounded point evaluations on ¢P(/3). Let 1 <i <m and L € (¢?(3))* be
such that

Li"(z—X))=0, n=0,1,2,---

Since (f7(B))* = £9(BP/%) (see[2]), there exists unique element g €
¢4(BP/%) such that for all f € /7(3) we have

L (Z f<n>z”> =" Fn)am)Bm) (B



168 11" Seminar on Mathematical Analysis and Its Applications

Now we have

0=LE""(z=X\) = L("—\2"")
(n)B(n)(B(n)"*
01— DB - VEm 1)

=g
A

forn=1,2,--- thus

Therefore

for n = 1,2,---. By part (i) of [2], {’\? } ¢ (1. But since
g € (9(BP/9), we have

{a(n)(B(n)"/ 7} € 1.
This implies that it should be
g(n)=0, n=0,1,2,---

So L = 0. Now by the Hahn Banach Theorem z — A; is cyclic for
i = 1,2,--- ;m and therefore P(z) = (z — M )(z — A2)--- (2 — Apy) 18
cyclic in P(p).

Conversely assume that P is cyclic, and choose polynomials {P,}
such that P,f — 1 in ¢P(3). Now if f(A) =0 and X is a bounded point
evaluation on ¢P(53), then ey(P,f) — 1, that is a contradiction. This

completes the proof.
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Let 79 = lim(B(n))Y/™ # 0 and Q = {z : |z| < ro}. Put

GB) ={fla: f e (B)}

Clearly the functions of £5(/3) are analytic. We denote by £°(3) the set
of all formal power series ¢(z) = >_ @¢(n)z" such that o5 (3) C £4(3).

Theorem 2. Suppose ¢ is in £2°(5). If p(€) intersects the unit circle,
then {(My)"}, converges pointwise to zero on a dense subset of £ ()
and also there is a dense subset X of ¢4(3) and a map S : X — X such
that MZS is identity of X and {87}, tends pointwise to zero on X.

Proof.  Suppose ¢(f2) intersects the unit circle.  Since ¢ is
nonconstant, by the open mapping theorem ¢(€2) is open. So the open

sets
V={2€Q:]p()| <1} and W ={z€ Q:|p(z)| > 1}
are both nonempty. Now clearly the linear subspaces
Hy =V{ey: A€V}, Hy ={ex: A e W}

are dense in ¢9(BP/7).  Since (Mz)" = (Mg)* is the adjoint of
multiplication by ",

(M)"ex=(p(A)" ex, n=0,1,2,--
If z € V, so |p(z)] < 1 and so [¢p(A)|™.|lex]] = 0 as n — oo. Thus
[[(Mg)"ex|| — 0 as n — oo and so the sequence of operators {(M3)"}
converges pointwise to zero on the dense subset Hy spanned by the
kernels {e) : A € V'}.
Now we want to find a right inverse of M,,. First consider the special
case where the collection of reproducing kernels {ey : A\ € W} is linearly

independent. In this case we can define a linear map
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S : Hy — Hy by extending the definition Sey = (¢(\))"tex (A€ W)
linearly to H,,. Since |p(z)| > 1 for each z € W, these is no possibility

of dividing by zero, and moreover,
Sy = (M) rex = 0 in £(BP7) as n— occ.

By definition M7S= identity on the dense subset Hy of £ (Br/a).

In case the reproducing kernels are not linearly independent, a little
more care is required. We can find an infinite subset Z = {w,,} of W for
which the corresponding set of kernel functions is linearly independent,
and spans a subspace Hy which is dense in £9(3P/9). The operator S
can now be defined exactly as in the last paragraph, with Hz in place

of Hyy. This completes the proof.
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ABSTRACT. Let X and Y are two infinite dimensional Banach spaces.
If either X™ or Y contains an asymptotically isometric copy of co,
then K(X,Y), the space of all compact operators fails the fixed
point property.

Dowling, Lennard and Turett [3] introduced the concept of Banach
spaces containing an asymptotically isometric copy of ¢ . This no-
tion was motivated by a James’s distortion theorem [5].

This concept is a tool in identifying Banach spaces failing fixed point
property. In fact they have shown that If X contains an asymptotically
isometric copy of ¢g, then X fails the Fixed Point Property(FPP). A
Banach space X has the Fixed Point Property, if given any nonempty
closed bounded and convex subset C' of X, every nonexpansive mapping

T :C — C has a fixed point. T is nonexpansive if

IT(2) =TIl < llz —yll, Vo,y € C.
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Definition. [3]. Banach space X contains an asymptotically isometric

copy of cq if there is a null sequence () in (0,1) and a sequence(x,) in

n=N

X so that for all finite sequence of scalars (an)n=1,

n=N
max (1 —ep)|an| < || Y anznll < max |an|.
1<n<N =1 1<n<N

Dowling, Lennard and Turett in [4] obtained an analogous result of E.
Saab and P. Saab [7] in injective tensor products for the containment of
an asymptotically isometric copy of ¢g. In the following result we give a
simple improvement of the theorem 8 of [4] for K,«(X*,Y), the space
of all compact operators from X* into Y which are w* — w continuous
provide with usual operator norm. It is well known that the injective
tensor product of X and Y, X®.Y is a subspace of K,+(X*,Y). Fur-
thermore the spaces of all compact operators K(X,Y) is isometrically

isomorphic to Ky« (X*,Y) [6].

Theorem. Let X and Y be two infinite dimensional Banach spaces.
If X contains an asymptotically isometric copy of co, then X®.Y con-
tains an asymptotically isometric copy of co which is complemented in

Koo (X*,Y).

Proof. Without loss of generality, there are a null sequence (e,) in

(0,1/2) and a sequence (x,) in X such that for all finite sequence of

scalars (a,)"=

)

n=N

1- <> <

1%85\/( en)lan| < ‘ anp | < 122%)(]\, |an|
n=
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for all natural number N. Let (z}) be a sequence of Hahn Banach
extensions of the coordinate functionals associated with the sequence
(xn). Thus ||z} || = 1 and 2}, (zy,) = 0 if m # n. By Josefson-Nissenzweig
Theorem [2], there exists a normalized w*-null sequence (y;;) in Y™
Choose y, € Y such that ||y,|| = 1 and y}(yn) > (1 — &) for every
n. We claim that the sequence (z, ® y,,) is an asymptotically isometric

co-sequence in X @EY. First
n=N n=N
| Z anTn @ Yn| = sup || Z any” (Yn)@n||
n=1 viEBy o1
< * = .
< sup. (max an| [y*(yn)l = max fan|

On the other hand, for 1 <m < N

n=N n=N
| Z an(Tn @ yn)| > (77, ® ?/jn)(z an(Tn @ yn))| = (1 — em)lam|.
n=1

n=1
Hence (z,, ® y,) is an asymptotically isometric cp-sequence in X R.Y C
Ky« (X*,Y). As (y}) is a weak™ null sequence in Y*, therefore the se-
quence (z) @) is weak™ null in K« (X*,Y). Moreover (z} @ y")(x, ®
yn) > 1/2. Now an appeal to the Theorem 1.1.2 of [1] completes the

proof.

As an application of this Theorem we obtain the following result for

FPP of the space of compact operators.

Corollary. Let X and Y be two infinite dimensional Banach spaces.

If either X* or'Y contains an asymptotically isometric copy of ¢y, then

K(X,Y) fails FPP.

Proof. As K(X,Y) is isometrically isomorphic to K« (X**,Y"), by The-

orem , K(X,Y) has an asymptotically isometric complemented copy of
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co in the first case. For the second case, we observe that the canonical
embedding of Y®.X* = X*®.Y into K(X,Y), followed by the map-
ping u — u!, yields the canonical embedding of X*®,.Y into K (Y*, X*).
Hence we can apply the first case to find an asymptotically isometric
copy of ¢p in X*®,Y that is complemented in K (Y*, X*), and therefore
is complemented in the intermediate space K(X,Y’). Now an appeal to

the Proposition 7 of [3] completes the proof.
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