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Algorithm )-Y-1: PATHGREEDY(SS, t)

/* This algorithm takes as input a set S of n points in R? and a
real number ¢ > 1 The algorithm returns a {-spanner for S. x/
Sort the (g) pairs of distinct points in non-decreasing order of their distances (ties
are broken arbitrarily), and store them in a list ;
E =0
G:=(S,E);
foreach {p,q} € L do
0 :=length of a shortest path in GG between p and g;
if § > t|pg| then
E:=EU{(p,a)}
G:=(S,E);
end
end
return G = (S, E);
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Algorithm )-Y-2: GAPGREEDY(S, 6, w)

/* This algorithm takes as input a set S of n points in the
plane, and two real numbers # and w such that 0< 6 <7/4,
0 <w< (cosf —sinf)/2. The algorithm returns a directed
t-spanner G = (S, FE), for t =1/(cosf —sinf — 2w). */
1 Sort the 2 (g) ordered pairs of distinct points in non-decreasing order of their
distances (ties are broken arbitrarily), and store them in a list L;

2 E =0

3 foreach ordered pair (p,q) € L do
4 add = true;

5 foreach edge (r,s) € E do

/* Let @ be a vector from the origin to the point a. We
define angle(pgq,rs) to be the angle between the vectors
— 5
q—p and s—r1. */

6 if angle (pq,rs) < 6 then

7 ‘ add :=add A(|pr| > wlrs|) A (|gs| > w]|rs|);
8 end

9 end

10 if add = true then

1 | E:=EU(pq);

12 end

13 end

-

4 return G = (S, E);
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Algorithm Y-)-1: GAPGREEDY(S, 6, w)

/* This algorithm takes as input a set S of n points in the
plane, and two real numbers # and w such that 0 <6 <7/4,
0 <w< (cosf —sinf)/2. The algorithm returns a directed
t-spanner G = (S, FE), for t =1/(cosf —sinf — 2w). */
Sort the 2 (g) ordered pairs of distinct points in non-decreasing order of their
distances (ties are broken arbitrarily), and store them in a list L;

—

2 E =0
3 foreach ordered pair (p,q) € L do
4 add = true;
5 foreach edge (r,s) € E do
/* Let @ be a vector from the origin to the point a. We
define angle(pgq,rs) to be the angle between the vectors
— —
q—p and s—r1. */
6 if angle (pq,rs) < 0 then
7 ‘ add :=add A(|pr| > wlrs|) A (lgs| > w]|rs|);
8 end
9 end
10 if add = true then
1 ‘ E:=FEU(p,q);
12 end
13 end

14 return G = (S, E);
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Algorithm Y-Y-1: ADDTOQUEUE(Q, 7)

Input: Queue @ and integer ¢ with 1 < i < m.
1 while i < m, and either Q) is empty or min(A;, B;) < min(Q) do
x := SELECTEDPAIR(i);
if x is not nil, but a directed pair (u,v) then
‘ Add (u,v) to @ with key |uv|, and associate this entry with (A;, B;);

end
t=141;

end
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Algorithm Y'-Y-2: LINEARSPACEGAPGREEDYSPANNER (S, 0, w)

/* This algorithm takes as input a set S of n points in the

plane, and two real numbers # and w such that 0< 6 <7/4,
0 <w< (cosf —sinf)/2. The algorithm returns a directed
t-spanner G = (S, FE), for t =1/(cosf —sinf — 2w). */

o 4 2.
1 S := max <W7 E)’
2 {(A;, B;)}":=WSPD of S with respect to s;
3 Sort increasingly the pairs {(A;, B;)}7*, according to min(A;, B;);

NI -HEE N - Y IS

10
11

12
13
14

15

16
17
18
19
20
21

= 0;

Q:=0;/* Q is a priority queue. y
1:=1;

ADDTOQUEUE(Q, 7);

while Q is not empty do

Extract the minimum from @ and denote it by (u, v). Also, suppose that
(u,v) € (Ak, Bk);
E := EU{(u,v), (v,u)};
foreach pair (A;, B;) with an entry in Q for which either bounding box is at
most w x max (A;, Bj) away from either u or v do
x := SELECTEDPAIR(j);
if x is a pair (u/,v') then
Update the entry associated with {A;, B;} in @ to include (u/,v’) and
change its key to |u'v'|;
else
/* x is nil */
Remove from Q) the entry associated with (A;, B;);

end
end
ADDTOQUEUE(Q, 7);

end
return the graph G = (S, E);
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Algorithm Y'-Y-3: IMPROVEDSELECTEDPAIR(?, u, V)

1 minspair:=nil and let |minspair| := oc;
2 F:={(u,v), (v,u)};

3 foreach pair (p,q) € N; do

4 flag:=CHECKPAIR(p, q, F);

5 if flag = true then

6 if |[pq| < |minspair| then

7 ‘ minspair:=(p, q);

8
9

end
end
10 else
1 ‘ N;:=N; —{(p,9)};
12 end
13 end

14 Update the entry associated with {4;, B;} in @ to include V;;
15 return minspair;
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Algorithm Y'-¥-1: FORBIDGAPGREEDY(S, 6, w)

/* This algorithm takes as input a set S of m points in the
plane, and two real numbers € and w such that 0<6 < w/4,
0 <w< (cosf —sinf)/2. The algorithm returns a directed
t-spanner G = (S, FE), for t =1/(cosf —sinf — 2w). */
1 Sort the 2 (Z) ordered pairs of distinct points in non-decreasing order of their
distances (ties are broken arbitrarily), and store them in a list L;

2 B =0

3 while L # () do

4 Choose the shortest edge (7, s) € L;
5 E:=FU{(rs)}

6 Find all points p € S such that |pr| < w|rs|, and store them in D,.;
7 Find all points ¢ € S such that |¢s| < w|rs|, and store them in Dg,;
8 foreach pointp € D, do

9 foreach point ¢ € S do

10 if angle(pq,rs) < 6 then
i1 | L:=L—{(r,a)}

12 end

13 end

14 end

15 foreach point q € Dy, do

16 foreach point p € S do

17 if angle(pq,rs) < 0 then
18 | L=L—{(pa)}

19 end

20 end

21 end

22 end

23 return G = (S, E);
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Algorithm Y'-¥-2: BINaARYGAPGREEDY(SS, 0, w)

—

[V I N

10
11
12
13

/* This algorithm takes as input a set S of n points in the

plane, and two real numbers 6 and w such that 0 <6 < w/4,
0 <w< (cosf —sinf)/2. The algorithm returns a directed
t-spanner G = (S, FE), for t =1/(cosf —sinf — 2w). */

Sort the 2 (g) ordered pairs of distinct points in non-decreasing order of their
distances (ties are broken arbitrarily), and store them in a list L;

E =0
foreach ordered pair (p,q) € L do
add = true;
Sort the pairs (7, s) in E according to the angle between the vector 5 — 1 and the
r-axis;
Use the binary search algorithm to find the largest index 7 such that for each
J < i we have angle(pq,r;s5) < 0, where E[j] := (rj, s;);
for (j=0,j <i j++)do
| add :=add A(|pry| > wlrjs;]) A (lgs;| > wlrjs;));
end
if add = true then
| E:=EU(pq);
end
end
return G = (S, E);
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Algorithm ¥-Y-1: OBTUSETRIANGLE(.S)

input: A set S of n points in the plane placed on the boundary of the obtuse triangle A 4 ¢
output: An increasing-chord plane graph, denoted by G (.S, E), spanning S.

1 E:=0;

2 fori=1¢0I-1do

3 ‘ E = EU(ui,uiJrl);
4 end

5 fori=1tok-1do

6 ‘ E = EU(’UZ‘,’U.H_l);
7 end

8 fori=1"tom-1do

9 ‘ E = EU(wi,wi_,_l);
10 end

—
=

if Vi # uy then

12 ‘ E:=EU (vg,w);

13 end

14 fori =11t j; — 1do

15 E := EU (v;, AX (v;, BA));

16 if AX (v;, AB) is between v)_, and v} then
17 ‘ E = EU (v;, AX (v;, AB));
18 end

19 end

20 if jo = [+ 1 then

21 for i = j1 to k do

22 E = EU (v;, AX (v;, BA));
23 end

24 end

25 fori =11t jo2 —1do

26 E:=EU (u;, AX (us, AB));

27 if AX (u;, BA) is between u);_, and ], then
28 ‘ E = EU (v;, AX (u;, BA));
29 end

30 end

31 if j; = k4 1 then

32 fori = jo tol do

33 ‘ E := EU (u;, AX (u;, AB));
34 end

35 end

36 if j1 # k4 1and jo # | + 1 then

37 = AX(vj, ,BA);

38 Y= AX(UJ‘27E);

39 E=EUEFE,;

40 end

41 return G(S, E);

Dpathac(p,vk) U (vk, w) U Dpathpe(w, q)

/Y 5 53,50 LvpwB g ZAvpup sdsely |y sl G 10 ¢ 9P o ()P g e S
4 05k oo sae S g AL AB (59, 9 AC (59, P 45 9SS (558 (sam > o
disle o dae S G IS Cile b oSl w0, S 8P g A g ST = paS 5,6k

‘)BJ&L) (vj, AX (vj, AB)) GEga..iaLgAX(vj,E) g A o q aS gyab o o 0g>g

YA



a = AX(vj, AB) 81 .aib YU ol b o d3s (0 5 S>sS j a5 0uS (5,8 (A

s ‘ o b plplo g aiea /Y JBlas Zvjag 9 Zpvja sleasgly oK1

Dpathac(p,v;) U (vj, AX (v;, AB)) U Dpathap(AX (vj, AB),q)

el P g A g &S o FVN sanad olil 0-F s

Ao 1 s 9o Lo (o |, BN JS2) il p) g B o 4 45 oS e 2,8 o

iz gy (Y 50 <y () S s

v a q B

1< jy gcwlp ¢B o qas S méwubl £-F S

& elpls wwl /Y JBla> @ = AX (p, BA) &S Zpaq a3l a5 obsl 5l < jy o) el
38k 5y yenne S5 (p, AX (p, BA)) U Dpathap(AX (p, BA),q) F=Y-Y o) &b x99

sl G 30 q 9Py
GLS el gab oSl e = 14 51l oy £ k) oo <l ol o 50 >y ¥ edl
P e il s s S (p, AX (p, BA)) U Dpathap(AX (p, BA),q) yowe 55 4 G
10 85 wbly 315 G BT 5 (e |, TR S8) i £ 141 0uiS (o5 oJl el G po 0 5
&S bl (s |y o,95N) 995 o L OBTUSETRIANGLE 23,651 51 [FF Las-

o Q (SBE 5y e So onlply (sl G E BT 5957 69, (sl B9 SIS S

va



Q yowo 9y 0y 3Ty S o3 @ = AX(vj, BA) o5 b 4 0)l0 0929 G 0w 9p
/Y Bla> Zyzq sasly 9 Cwsl BC 59,y o5 4 G 315 cole gub p abba 3 S
Ot eI BE g e o QU Dpathap(,q) e g2y 42 o Gk gy ol 5l el

| QS oo JolS 1, DLl el 0,18 099 G 10 q 9P o sl Bl g e SO o]
MR Aupe ool i (59, a5 wil axin jo dhiin )l glacgeme S 0SS 5,8 (>
Syl galadi aw iSlas 05 a8lol LS (g5, oiul8h g mave BIT G Lo uslazs S
ol e a8 slos! eel oo ACUTETRIANGLESTEINER |, GB1)5 (ol Sl oo )65l g o le o0
0 oS e 35 B o5 b 5 gmm 55 b Lo il o S 25 s el g 55
dg08 polai iy 4 (" g B A a5 oS o Lol S 4 |, 0" g B A (g iuliil gadads a4
&S 0SS B8 e (e [ AT US) wisis AB 3 AC BC lalaso,ly 55,C 5 B A
Slacdie 50 59, S ;o bl Gaen Gasgormo i f 4 B 9 Py Py 95 := SU{A, B, ('}
i S 4 Prog Py Py sracgesme oS Sl SO @ p3Y il Axorp 9 Apicra DAapc
WX, s C g AjlgC gB 5B gAjlas bohs a cos 48,b Sy Coow sdacgors
oy o8l s g WS 0 BLSIE s |, (C7, A7) 4 (B, C") (A, B') o Jb «pis o5l asns
Wlol B sacgaze & Jol> sl Jb g 0980 1,2l Pr g Py Py (55, e (Lo F-Y-§ o j0 a8
D 5o
ACUTETRIANGLESTEINER (o2 ,63J) Lo gi ool g3 rlane ool 38l 59 8IS ‘E LR
(S |)p.';.1)3f.|| (5 e O35 (6110) Sl 0ol ooy ylis calads dcgozme G (59,

a2 o oyl |, o y95d! oyl (S ) ey ) (GAmad



S ymlisl blas aS 0uS a5 ACUTETRIANGLESTEINER (oo 631 awsgs ool ooy i)k g 81,8 G A-F s
Sloads eals u,..gl.o.: s_{_'>55 ‘_gl.(b(:.l).n J&w O

Algorithm ¥-Y-2: ACUTETRIANGLESTEINER(.S)

input: A set S of n points in the plane placed on the boundary of an acute triangle
Aapc.

output: An increasing-chord plane graph G(S, E') with at most three Steiner points.

E =0

A’ := orthogonal projection of A on BC,

B’ := orthogonal projection of B on AC;

C' := orthogonal projection of C' on AB;

S1:=SU{4 B, C}

Py := the set of all points in .S; which are on the boundary of the triangle A 4/ g/¢;
P, := the set of all points in S7 which are on the boundary of the triangle A g/ 4;
P53 := the set of all points in S; which are on the boundary of the triangle A 4/¢/ p;
Construct the increasing-chord plane graphs G1 = (P1, E1), Go = (P», E3) and
G3 = (Ps, E3) using Lemma

1w E={(A,B),(B,C),(C' A)}UE UFEyU Es;

11 return G,
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Algorithm ¥-Y'-1: TESTWEAKLYSELFAPPROACHING(.S, F)
input: A graph G(S, E).
output: Decide whether G is a weakly self-approaching graph.
1 Sort the 2 (g) ordered pairs of distinct points in nondecreasing order of their
distances (breaking ties arbitrarily), and store them in list L;
foreach (p,q) € L do /* process the elements of L in order. */
Find the disk D,,¢;
if there is no edge (p,r) € E such that v € S N D,, then
‘ return “G is not weakly self-approaching”;
end

end
return “G is weakly self-approaching”;
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Algorithm ¥-¥-1: NEARESTINDISK(.S)
input: A set S of n points in the plane.
output: A weakly self-approaching graph G(S, E).
E =0
foreach p € S do
foreach g € S do
r :=nearest(p, q);
E:= EU{(p.r)};
end
end
return G(S, E);
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Algorithm ¥-¥-2: GREEDYWEAKLYSELFAPPROACH(.S)
input: A set S of n points in the plane.
output: A weakly self-approaching plane graph.
1 Sort the 2 (g‘) ordered pairs of distinct points in non-decreasing order of their
distances (ties are broken arbitrarily), and store them in a list L;
E =0
foreach ordered pair (p,q) € L do
Compute F,; and Spg;
if E,, = () then
r := the nearest point to p in Sp;
E:=EU{(p,)};
/* Note that by Lemma if E,y =0, then Sy, # 0. */
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8 end
9 end
10 return G(S, E);
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Algorithm ¥-0-1: WSPDWEAKLY SELFAPPROACHSPANNER(S, 1)
input: A set S of n points in the plane and a real number ¢ > 1.
output: A weakly self-approaching ¢-spanner.

1 5= 24,
2 Let {(A;, B;)}" be the WSPD of S with respect to s;
3 B =10

4 for : =1t0omdo
5 Sort increasingly all ordered pairs of points (p, ¢) withp € A; and ¢ € B; or
p € B; and q € A; according to their Euclidean distance |pq|. Let L be the
sorted list;
6 foreach ordered pair (p,q) € L do
/* suppose that p € A; and q € B; */
if there is no point r € B; N Dy, with (p,r) € E then
Choose an arbitrary point r € B;\{p} N Dpg;
E:=EU{(p,n)}
10 end

1 end

12 end
3 return G(S, E);
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Algorithm §-Y-2: MERGESPANNERS(G'1, Gio, t)

input: ¢t-spanners G1 (P, E1) and Ga( P, E2), and suppose that | Py | < |Ps|.
output: t-spanner G(P; U P,, E') which is obtained by merge of G and Go.

—

Select an angle 0 < 6 < m/4 such that cosf — sinf > 1/t;

Partition the plane into & = 27” cones. We denote the set of cones that partition the

plane by Cy;

FE = E; U Ey;

foreach cone C' in Cy, do

foreach p in P; do

Cp:=C+p;

r := a point of C, N P> whose orthogonal projection onto £¢, is closest to p;

/* let {c be a fixed ray that emanates from the origin and
that is contained in C and /¢, :={c +p. The ray {c can

N~

N SN B AW

be chosen arbitrarily. */
8 E:=FEU{(p,n)};
/* (p,r) is an edge. */
9 end
10 end

1 return G(P, U Py, E);
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Algorithm {-Y-4: PLANESWEEPMERGING(G1, Go, t)

input: geometric ¢-spanners G (Py, E1) and Ga(P», E3), and t > 1 (suppose that
|P1| < | P2).
output: the geometric t-spanner G(P; U Py, E).
1 Select an angle 0 < 6 < 7/4 such that cos —sinf > 1/t;
2 k= 2m/0,
3 F:=FE1UEy;
4 foreach cone C' € C;, do

/* Consider the lines hj,hs, D1, Dy correspond to cone C'. x/

5 Sort the points of P; and P, according to the order induced by the directed line
D1 and Da, respectively. Assume that the lists L1 and Lo contain the sorted
points of P; and P, respectively;

6 Initialize an empty data structure 7" for solving problem FIND-LEFTMOST-IN-
TRANSLATED-HALFPLANE using h := ho;

7 {:= no;

8 for : = nq down to 1 do

9 while Ll[i] §D1 L2 [ﬁ] do

10 Insert point Lo[¢] into T

11 {:=0—1;

12 end

13 if £ > 0 then

14 ‘ =0+ 1;

15 end

/* Note that the points Lo[l], Lo[¢ + 1]..., La[ng] are exactly
the points of P» that are below the line hj + Li]i]. x/
16 Find the point r in 7" that is above the line hy + L1 [i] and whose
x-coordinate is minimum; that is, it answers the query MINABOVE(L1 [i]);

17 E:=FEU{(Li]i],m)};

18 end

19 end

20 return F;
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1 Sort the points of S increasingly according to their z-coordinate. Let L be the sorted
list;
for h:= 11t |%| do
for: =1¢tocdo
Create new subset S,;
Add L[(h — 1) x ¢+ i] into Sy;
end
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7 end

8 if n is not divisible by c then

9 Create a new subset S}, and add the remaining points of .S into S};
10 end

11 return all subsets S},;
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Abstract

In this thesis, we propose some algorithms for constructing geometric spanners and improve
some of previous algorithms. We also study some geometric properties of the geometric span-
ners. A geometric (Eucledian) graph is called ¢-spanner, if for every two vertices of the graph,
there exists a path in the graph of length at most ¢ times the Euclidean distance between them.

In this thesis, we first introduce the continuous Yao graphs. A continuous Yao graph is
obtained by rotating a cone around every point and connecting it to the closest point in the cone
during the rotation. Although by considering the cones with a suitable angular diameter the
continuous Yao graphs are ¢t-spanners, the number of the edges of the graph can be quadratic.
But, we show that the continuous Yao graphs are region-fault tolerant ¢-spanner.

Then, we consider the gap-greedy algorithm that introduced in 1997 for constructing
geometric spanners, and reduce the time and space complexity of the gap-greedy algorithm.
Also, we improve the value of ¢ in the results related to the ¢-spanner property of the gap-greedy
algorithm.

Later, we consider the self-approaching graphs and the increasing-chord graphs. A geo-
metric graph is called self-approaching, if for every two vertices of the graph, there exists a path
between them such that by moving on the path, from source to destination, we continuously get
closer to the forward points on the path. We call such a path a self-approaching path. A ge-
ometric graph is called increasing-chord if for every two vertices, there exists a path between
them that is self-approaching from any of the two endpoints to another endpoint. In this thesis,
we show that there exists an increasing-chord plane geometric graph for every point set whose
points are on the boundary of an acute triangle, using at most three Steiner points. Furthermore,
we show that there exists an increasing-chord plane geometric graph for every point set whose
points are on the boundary of an obtuse or right triangle.

Then, we introduce weakly self-approaching graphs by replacing the condition getting
closer to the forward points by getting closer to the destination, and we show that for every
point set in the plane, there exists a weakly self-approaching plane graph.

Later, we propose a divide and conquer algorithm to construct a geometric spanner with

near linear number of edges.

Finally, we consider the angle-constrained geometric graphs. For any 6 > 0, a geometric
graph is called #-angle constrained if the angle between any two edges incident to a vertex is at
least 6. We show that for every 6 > 7/3, a connected #-angle constrained graph does not exist,
necessarily. Moreover, we show that there exists a point set such that for § = 7/3 and every

t > 2/4/3, there is no #-angle constrained ¢-spanner on the point set.
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